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Abstract

We study a firm selling two products/services, which are differentiated solely in their prices and

delivery times, to two different customer segments in a capacitated environment. Fromdemand

perspective, when both products are available to all customers, they act assubstitutes, affecting

each other’s demand. Customized products for each segment, on the other hand, result in indepen-

dent demand for each product. On thesupplyside, the firm may eithersharethe same capacity to

serve the two market segments, or maydedicatecapacity for each segment. Our objective is to un-

derstand the interaction between product substitution and the firm’s operations strategy (dedicated

versus shared capacity), and how it shapes the optimal product differentiation strategy. We show

that in a highly capacitated system, if the firm decides to move from a dedicated to a shared capac-

ity setting it will need to offermore differentiatedproducts, whether the products are substitutable

or not. In contrast, when independent products become substitutable, amore homogeneouspric-

ing scheme results. However, whether the delivery times are more differentiated or more similar

depends on the firm’s capacity strategy and cost, as well as market characteristics. Moreover, the

optimal response to an increase in capacity cost also depends on the firm’s operations strategy. In a

dedicated capacity scenario, the optimal response is always to offer more homogeneous prices and

delivery times. In a shared capacity setting, it is always optimal to quote more homogeneous de-

livery times, but increase or decrease the price differentiation depending on whether the status-quo

capacity cost is high or low, respectively. We demonstrate that the above results are corroborated

by real-life practices, and provide a number of managerial implications in terms of dealing with

issues like volatile fuel prices.

Key words: product differentiation; pricing; delivery time guarantee; product substitution; ca-

pacity sharing; matrix-geometric method; cutting plane method

1. Introduction

Progressive Insurance, an automobile insurance company based in Ohio, achieved a sevenfold

growth of sales from $1.3 billion in 1991 to $9.5 billion in 2002 as a result of introducing an Im-

mediate Response claims system, which dramatically reduced the claim handling time from 7-8

days to just nine hours (Hammer 2004). Shell Lubricants redesigned its order fulfillment process,
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thus reducing the cycle time by 75% and operating expenses by 45%, and boosting customer satis-

faction 105% (Hammer 2004). The above examples highlight the importance of response/delivery

time to a firm’s success, in addition to its pricing policy. Firms, especially in service and make-to-

order manufacturing sectors, are increasingly using explicit delivery time guarantees as a marketing

strategy (Hammer 2004, Liu et al. 2007, Zhao et al. 2008). One form of delivery time guarantee,

commonly used in retail and service industries, is to announce the delivery time in advance to all

prospective customers1. For example, Cat Logistics, a subsidiary of Caterpillar, promises to ship

service parts within 24 hours to its clients (Schmidt and Aschkenase 2004). Such guarantees are

also used by firms like Ameristock, FedEx, UPS and Domino’s Pizza (Zhao et al. 2008, Boyaci

and Ray 2003).

Keeping the above discussion in mind, this paper deals with a setting where the end customer

demand is sensitive to both the price charged and the delivery time guarantee offered. In that

case, a firm needs to address two basic issues. The first is related to marketing, and involves

determining whether to offer the same product to all its customers (i.e., guarantee the same delivery

time at the same price for all), or to offer price-and-delivery-time differentiated products (different

delivery times at different prices). Obviously, managers also need to decide on the optimal price

and delivery time levels for whichever policy they choose. A firm’s marketing decision cannot

be decoupled from its operations strategy in a capacitated environment. So, if a firm decides to

guarantee different delivery times to its different customer segments, the second choice to be made

is whether to dedicate separate capacities for each market segment or to pool/share the capacities

used for all segments, and what will be the corresponding optimal capacity level.

We focus on firms offeringdifferentiatedproducts, and trying to exploit heterogeneity in cus-

tomers’ preference for time and willingness to pay in order to maximize revenue (Boyaci and Ray

2003). Such firms then need to deal with the issue of whether a given product be accessible to

all customers, or need to be customized (and available) for only one segment. For example, the

price and delivery time combinations that Dell quotes to government and health-care companies

are very different from what they quote to individuals (MacWilliams 2001). In this case, Dell

designs a specific service for each market segment, which is not available to the other. Dell’s

options are, therefore,non-substitutable, and the demand for each segment is independent of the

1Another form of time guarantee, popular in make-to-order manufacturing industry, is to dynamically change the
quoted delivery time based on congestion in the system when a demand arrives (Plambeck 2004).
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other. Similarly, in the steel, chemical and consumer product industries, the price and delivery time

quoted to a customer is tailored based on its geographical location and industry segment (Plam-

beck 2004 and references therein). On the other hand, FedEx and UPS offer logistic services like

“FedEx First Overnight”, “FedEx 2Day”, “UPS Express”, “UPS Express Saver”, etc., each with

a different guaranteed delivery time, to every customer willing to pay the corresponding price. In

this case, customers self-select the (delivery time) option based on their preference for speed and

willingness to pay. This allows them to switch their preferences, depending on the relative values

of prices/delivery times for the products and/or their situational needs. For example, a customer

that is otherwise price sensitive may opt for a faster delivery (and more expensive) option in case

of an emergency. The menu of products offered are thussubstitutable, creating a demand-side

interaction between the different market segments.

Like the demand side, the supply side for different customer segments may also be independent

or related to each other depending on the operations (capacity) strategy used by the firm. By op-

erations (specifically capacity) strategy, we mean whether there arededicated capacities(DC) for

each customer segment or there is oneshared capacity(SC) for all segments. Both strategies are

used in practice. FedEx, for example, uses separate facilities for its express and ground services2.

In contrast, UPS delivers express and ground services using one integrated network3. Photo devel-

opment stores offering express and regular services also share capacity used for the two services.

Note that offering different delivery time guarantees using a shared capacity creates a supply-side

relationship between the different market segments a firm serves, and thus requires mechanisms for

prioritizing orders. This creates operational complexities, potentially increasing costs. Providing

different services using dedicated capacities implies that there is no such interaction, but requires

additional capacity investment (Zhao et al. 2008).

Our primary objective in this paper is to understand the interaction between (demand-side)

product substitution and (supply-side) operations strategy in a capacitated environment, and how it

affects a firm’s optimal product differentiation policy. Specifically, we study the following issues.

• How does the operations strategy (dedicated or shared capacity) of a firm affect its optimal

price and delivery time decisions for the two products, and hence its product differentiation

policy? Are these effects impacted by whether there is demand-side interaction or not (i.e.,

2http://www.fedex.com/us/about/express/pressreleases/pressrelease011900.html?link=4
3http://sec.edgar-online.com/1999/10/20/11/0000940180-99-001230/Section2.asp
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whether the products are substitutable or non-substitutable)?

• How does the substitutability between the products a firm offers shape its optimal differenti-

ation decisions, and are these effects influenced by the firm’s capacity strategy?

• How does the optimal product differentiation strategy of a firm change with increase in

capacity cost under different demand and supply conditions?

In order to answer the above questions, we analyze and compare the four scenarios shown in Table

1. Comparison of the two scenarios under the dedicated and shared capacity columns demonstrates

the effect of product substitution under two different capacity regimes. On the other hand, com-

parison of the two scenarios in the “without substitution” and “with substitution” rows shows the

effect of the capacity strategy depending on whether the products are substitutable or not. Note

that, although our focus is on comparing different scenarios, our work also distinguishes itself by

analyzing the problem of optimal product differentiation in a shared capacity setting, which has

not been studied much in the literature (there are some studies in this setting but with very different

objectives).

Table 1: Scenarios studied in this paper

Dedicated capacity↓ Shared capacity↓
Non-substitutable products;Non-substitutable products;

Without substitution→ dedicated capacity shared capacity
Substitutable products; Substitutable products;

With substitution→ dedicated capacity shared capacity

We solve for the optimal delivery times that the firm should guarantee and the optimal prices

it should charge for the two products (consequently, the optimal level of product differentiation)

as well as the optimal capacity level it should have/build4 for each scenario. Note that while the

dedicated capacity cases can be solved by functional optimization, for the shared capacity scenarios

we utilize a novel methodology involving the matrix-geometric, the cutting plane and the golden

section search methods.

Comparison of the results of the four scenarios for various levels of capacity cost enables us

to illustrate the individual and joint effects of product substitution and operations strategy on the

4To satisfy the promised delivery times with a certain degree of reliability.
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optimal product differentiation policy of the firm. Some of the important managerial insights we

generate from our analysis are:

• In a high capacity cost environment, a firm with shared capacity should offer more differ-

entiated products (both in terms of prices and delivery times) than a firm with dedicated

capacities, irrespective of whether the products are substitutable or not.

• When a firm selling two non-substitutable products in independent markets decide to make

both products available to all customers (thus introducing substitutability), it should reduce

its price differentiation, irrespective of whether it operates under shared or dedicated ca-

pacity regime. However, as regards delivery times, whether the products should be more

differentiated or more homogeneous depends on the firm’s capacity strategy (as well as on

its marginal capacity cost and market characteristics).

• As the capacity cost increases, the optimal strategy for a firm with dedicated capacities is to

offer more homogeneous pricing and delivery time schemes for both substitutable and non-

substitutable products. A shared capacity firm should also always offer more homogeneous

delivery times, but needs to increase or decrease the price differentiation level depending on

whether the status-quo capacity cost is high or low, respectively.

The first insight above has implications for FedEx and UPS who use dedicated and shared capacity

strategy, respectively. We show that the differentiation policy adopted by these firms indeed support

our results. The second insight is important for firms thinking about modifying the customer access

to their product offerings. The last insight is relevant in view of the volatile fuel prices (which

translates into changes in capacity costs), and how firms like FedEx and UPS should change their

product differentiations in order to adapt to this new reality.

The rest of the paper is organized as follows. In§2, we briefly review the related literature.

§3 defines the modeling framework, followed by a discussion on the solution methodology in§4.

§5 presents the details of the managerial insights discussed above. The paper concludes with a

summary of results and a discussion about future research issues in§6.

5



2. Related Literature

The literature related to our paper can be categorized into four groups based on whether they

consider demand-side and/or supply side interaction (like in Table 1).

The papers in the first category deal with “non-substitutable products; dedicated capacity”

scenario and include So and Song (1998), Palaka et al. (1998) and Ray and Jewkes (2004). All

these papers study optimal pricing, delivery time and capacity decisions, while modeling the firm’s

operations as a one single server queue. These models also consider a single product, and hence

product differentiation or substitutability is not an issue. So (2000), Tsay and Agarwal (2000)

and Pekgun et al. (2006) study similar problems but in a competitive setting, where two firms

selling a common product compete on price and delivery time. Again, their models do not study

differentiation or capacity sharing since customers are assumed to be homogeneous.

The second category of papers takes into account product differentiation and substitution among

multiple products, but assume that the products are processed using dedicated capacities. Boyaci

and Ray (2003, 2006) are examples of such “substitutable products; dedicated capacity” scenario

papers. Zhao et al. (2008) also uses a similar modeling framework, but focuses on comparing two

different delivery time strategies - providing one uniform guaranteed delivery time (and charging

one price) for all customers versus providing different guaranteed delivery times (and charging

different prices) for different customer segments.

There is another stream of literature which models scenarios where capacities are shared for

serving different customer segments. For example, Dewan and Mendelson (1990), Mendelson

and Whang (1990), Stidham (1992), Afeche (2003), Afeche and Mendelson (2004) and Katta and

Sethuraman (2005) study pricing and/or capacity selection issues for heterogeneous customers

in a queuing context, wherein all customers are served by the same service facility. Since they

do not deal with substitution issue, these papers fall under the “non-substitutable products; shared

capacity” category. In general, the problem considered in these papers is to design a pricing scheme

that maximizes the expected net value of the jobs processed by the system. In contrast, our model

has the firm’s profit maximization as its objective. Moreover, these models employ user delay

costs, which is fundamentally different from our approach of using a delivery time guarantee.

In further contrast, we do not explicitly model the customers’ utility/value functions but assume

that the demand function is an outcome of some underlying process whereby customers select the
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service class that maximizes their utility5.

Lastly, Ata and Van Mieghem (2008) study the conditions under which heterogeneous cus-

tomers should be served by dedicated resources or by an integrated network through partial pool-

ing of resources. In their setting, customer segments are served by capacities dedicated for each,

but capacities can also be dynamically substituted. Their main goal is to understand the value of

network integration. We can place this paper in the “substitutable products; shared capacity” cell

since they consider resource substitution. However, note that they do not deal with product sub-

stitution or pricing/delivery time decisions, and so do not capture the interaction between product

substitution and capacity strategy.

Our work also fits in the stream of price discrimination, extensively studied in the Economics

(Industrial Organization) literature. The case of “without substitution” corresponds to third-degree

price discrimination wherein different customers are quoted different prices based on their distinc-

tive characteristics. Whereas the case of “with substitution” corresponds to second-degree price

discrimination wherein customers are allowed to self-select from a given menu of options. More

discussion on price discrimination can be found in Talluri and Van Ryzin (2004).

Our study complements the existing literature on pricing and delivery time decisions by de-

lineating the individual and joint effects of supply and demand side interactions in a capacitated

environment. This allows us to generate new managerial insights regarding how the optimal prod-

uct differentiation strategy for firms should vary depending on their operations strategy, product

offering portfolio, market characteristics and capacity costs.

3. Decision Models

We model a firm that offers a single basic product/service (henceforth called product) in a market

comprising heterogeneous customers that differ in their preferences for speed and willingness to

pay. The firm exploits this heterogeneity in customers’ preferences to create market segments in

which customers are quoted a menu of different delivery times and corresponding prices for (oth-

erwise) the same product. For simplicity, we assume the market is segmented into two customer

classes, indexed byi ∈ {h, l}. Classh customers are high priority/express customers who are more

5Liu et al. (2007) shows the equivalence between a utility function and the corresponding demand model.
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time sensitive and are willing to pay a price premium for a shorter delivery time. Classl customers

are low priority/regular customers who are more price sensitive and are willing to accept a longer

delivery time for a price discount.pi andLi denote the price and delivery time offered by the firm

to customer classi ∈ {h, l}.
Demand from customer classi arrives according to a Poisson process with rateλi, which

depends not only on its own absolute price and delivery time but also on its price and delivery

time quoted relative to the other class. The firm can, therefore, attract new customers through

price reductions and/or by offering shorter delivery times. Lowering the price and/or delivery time

for one class can also induce customers to switch preferences. We assume that customers cannot

observe the congestion levels of the firms, and their choices are only based on the prices and

delivery times announced by the firms. The demand rates are modelled using the following linear

functions, inspired by Tsay and Agrawal (2000) and Boyaci and Ray (2003):

λh = a− βh
p ph + θp(pl − ph)− βh

LLh + θL(Ll − Lh) (1)

λl = a− βl
ppl + θp(ph − pl)− βl

LLl + θL(Lh − Ll) (2)

where,

2a : market base

βi
p : sensitivity of class i demand to its own price

βi
L : sensitivity of class i demand to its own guaranteed delivery time

θp : sensitivity of demand to inter-class price difference

θL : sensitivity of demand to inter-class delivery time difference

2a parameterizes the total market base. Mathematically, it is the total demand when price and

delivery time offered to each customer class is zero. It captures the aggregate effect of all the

factors other than price and delivery time on demand. For logistic service providers like FedEX

and UPS, for example, these other factors may include factors like the convenience of pick-up,

the ease with which deliveries can be tracked and the likelihood of the packages being damaged.

For internet service providers, these factors may include the frequency of service interruption and

the quality of the support staff (Allon and Federgruen 2008). Our demand model generalizes the

one used by Tsay and Agrawal (2000) and Boyaci and Ray (2003) by using different sensitivities
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(to price and time) for regular and express customers6. We make the following assumptions on

regarding the market parameters:

Assumption 1. βi
p > 0, βi

L > 0, θp ≥ 0, θL ≥ 0, βh
p < βl

p andβh
L > βl

L.

This is to ensure that demand from a market segment is decreasing in its own price and delivery

time and increasing in price and delivery time offered to the other segment.βh
p < βl

p andβh
L > βl

L

are required by definition of the two customer classes.

Assumption 2. The market basea is sufficiently large.

This assumption is required, as we will see in§4, to ensure that the optimal delivery time offered to

time sensitive express customers is smaller than what is offered to regular customers, i.e.,Lh < Ll.

We assume the time it takes to serve a demand from classi is exponentially distributed with

rateµi, i ∈ {h, l}. The service facility is thus modelled as an M/M/· queuing system7. Customers

within each class are served on a first-come-first-serve (FCFS) basis. The firm can invest in its

installed capacity to increase its processing rateµi. We assume there is no economies of scale in

investing in capacity. So a unit increment inµi always costs $A8. The industry is assumed to have

established a standard delivery timeLl for regular customers. The objective of the firm is to set

the guaranteed delivery timeLh for express customers and the pricesph andpl for both classes,

so as to maximize its profit per unit time. Obviously, a firm’s pricing and delivery time decisions

depend crucially on its capacity decision. Firms may charge premium prices by committing to

shorter delivery times. This, however, puts pressure on the firm’s available resources to reliably

meet its promised delivery times. Failure to meet the guarantee may lead to penalties, either in

the form of a discount, partial refund or an expedited delivery without additional charge to the

customer (Liu et al. 2007). A striking example is the case of seven online retailers, including

6We feel it is necessary to use different sensitivities for the two customer classes as this is essentially what differ-
entiates express customers from regular ones. However, the sensitivities of demand switchovers (θp andθL) are still
the same across the two classes, as is required to make the total market size invariant to changes in these sensitivities.
Our demand model differs from Pekgun et al. (2006) for similar reasons.

7M/M/ · queuing model is a traditional abstraction employed to make the problem tractable, especially when the
emphasis is more on managerial insights than on accuracy (Palaka et al. 1998). Moreover, Lariviere and Van Mieghem
(2004) have shown that self interested customers try to spread themselves out as much as possible and the arrival
pattern this generates approaches a Poisson process as the number of customers and arrival points gets large.

8A may be different for different customer classes if they are served by different service capacities (e.g., express
customers served by airplanes and regular customers served by trucks in a service logistic industry) or they may be
equal if both the classes are served by the same service capacity. Using the same marginal capacity cost for the two
customer classes, however, allows a meaningful comparison between the dedicated and the shared capacity settings.
We also assume that the firm incurs the same operating cost of $m in serving a customer of either class.
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Macys.com, Toysrus.com and CDNOW, that paid fines to the tune of $1.5 million to settle a Federal

Trade Commission lawsuit over late deliveries made in 1999 (Pekgun 2007). FedEx, for example,

offers a money-back guarantee for every U.S. shipment that is even 1 minute late compared to

its guaranteed delivery time9. The firm, therefore, needs to simultaneously select the optimal

service rates (i.e., capacities)µh andµl in order to meet the guaranteed delivery times with at least

a minimum level of reliabilityα (called the target service level). We refer to this problem as the

Pricing and Delivery Time Decision Problem [PDTDP ]. Mathematically, it can be stated as:

[PDTDP] :

max
ph,pl,Lh,µh,µl

π = (ph −m)λh + (pl −m)λl − A(µh + µl) (3)

s.t. Lh < Ll (4)

ph, pl, λh, λl, µh, µl, Lh ≥ 0 (5)

Stability condition (6)

Sh(Lh) = P (Wh ≤ Lh) ≥ α (7)

Sl(Ll) = P (Wl ≤ Ll) ≥ α (8)

whereλh andλl are given by (1) and (2) respectively. Constraint (4) requires that the guaranteed

delivery time for high priority customers be shorter than that for the other class. Constraint set

(5) is needed to define a realistic problem setting. Constraint (6) is the stability condition for the

queuing system, which models the service facility at the firm. Constraints (7) and (8) are delivery

time reliability constraints, which say that the steady state actual delivery timeWh (resp.,Wl) of

a customer should not exceed the guaranteed delivery timeLh (resp.,Ll) with a probability of at

leastα. The target service levelα is set by the management as an internal performance measure,

which is not quoted to the customers. Thus, we do not explicitly consider its impact on the mean

demand in our demand model (1) and (2). However, since failure to honor its promised delivery

time often leads to penalties for the firm,α is set to a high value, close to 1, which means that the

chances of a customer of classi having to wait longer thanLi are very small.

Note that the above formulation is a general one that is applicable to all the scenarios in Table

1. In what follows we develop the exact framework for each of the four scenarios by specifying: i)

9http://www.fedex.com/us/services/options/mbg.html
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the form of constraints (6)-(8) depending on the capacity strategy used (shared or dedicated), and

ii) the form of the demand function that signifies absence or presence of product substitution.

Dedicated Capacity:For a dedicated capacity setting, where each customer class is served by

a separate M/M/1 server, the tail of the sojourn time distribution for either class of customers is

known to be exponential. In this case, there is a separate stability condition for each of the queues.

Hence, constraints (6), (7) and (8) can be expressed as:

λi − µi < 0, i ∈ {h, l} (6DC)

Sh(Lh) = P (Wh ≤ Lh) = 1− e(λh−µh)Lh ≥ α (7DC)

Sl(Ll) = P (Wl ≤ Ll) = 1− e(λl−µl)Ll ≥ α (8DC)

The two demand scenarios, substitutable and non-substitutable products, can be obtained with

θp > 0, θL > 0 andθp = θL = 0, respectively, in (1) and (2). We denote the resulting models of

Pricing and Delivery Time Decision Problem in a Dedicated Capacity setting by [PDTDPDC ].

Shared Capacity:The firm’s choice of shared capacity is modeled using a single server, which

serves both customer classes employing a simple fixed priority scheme that always gives priority

to time-sensitive customers. In other words, the firm reserves its capacity to serve high priority

customers who pay a premium price, and uses the remaining capacity to serve low priority cus-

tomers. This somewhat reflects the practice at UPS (Ata and Van Mieghem 2008). Dedicated

capacities with partial pooling more accurately model the operational setting used by UPS where

fast airplanes can serve both express and regular markets, while the slow trucks can serve only the

regular market. We use shared capacity (with complete pooling) to study the extreme scenario and

compare it with the dedicated capacity setting, typical of FedEx. The fixed priority scheme is also

used by Plambeck (2004) where premium customers are given priority in scheduling. Customers

within each class are served on a first-come-first-served (FCFS) basis. In this paper, we use a

preemptive priority scheme, but the analysis can easily be extended to a non-preemptive priority

service.

For a shared capacity setting, the tail of the sojourn time distributionSh(·) for high priority

customers in a preemptive priority queue is known to be exponential (So 2000). Hence, the delivery

time reliability constraint (7) has an analytical closed-form representation, similar to that for the
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dedicated capacity setting. However, a closed form expression for the sojourn time distribution

Sl(·) for low priority customers, equation (8) of [PDTDP ] problem, is not known (Abate and

Whitt 1997). We assume the single server serves customers of either class at the same rateµh =

µl = µ. Constraints (6) and (7) in a shared capacity setting can then be expressed as:

λh + λl − µ < 0 (6SC)

Sh(Lh) = P (Wh ≤ Lh) = 1− e(λh−µ)Lh ≥ α (7SC)

We discuss about how we tackle the issue of delivery reliability for regular customers (corre-

sponding to Equation (8)) in the next section. Like before, the substitutable and non-substitutable

demand cases can be obtained withθp > 0, θL > 0 andθp = θL = 0, respectively, in (1) and

(2). We denote the resulting models of Pricing and Delivery Time Decision Problem in a Shared

Capacity setting by [PDTDPSC ] (includingSl(Ll) constraint).

We summarize the above mathematical models in the following table, which corresponds to

the four scenarios in Table 1.

Table 2: Mathematical Models for the different scenarios presented in Table 1 as special cases of
[PDTDP]

Dedicated capacity↓ Shared capacity↓
[PDTDPDC ] with [PDTDPSC ] with

Without substitution→ θp = θL = 0 θp = θL = 0
[PDTDPDC ] with [PDTDPSC ] with

With substitution→ θp > 0, θL > 0 θp > 0, θL > 0

4. Solution Methodology

We now discuss the solution methodology for the models discussed in§3.

4.1 Dedicated Capacity Setting

The dedicated capacity model [PDTDPDC ] has been studied by Boyaci and Ray (2003) (both

substitutable and non-substitutable products) for the special caseβh
p = βl

p = βp andβh
L = βl

L = βL.

We briefly present the solution for our more general case for the sake of completeness.
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Proposition 1. For a fixed express delivery timeLh, the optimal prices in a dedicated capacity

setting are given by:

pDC∗
h (Lh) =

A + m

2
+

(βl
p + 2θp)a− (βl

pβ
h
L + βl

pθL + βh
Lθp)Lh + (βl

pθL − βl
Lθp)Ll

2(βh
p βl

p + βh
p θp + βl

pθp)
(9)

pDC∗
l (Lh) =

A + m

2
+

(βh
p + 2θp)a + (βh

p θL − βh
Lθp)Lh − (βh

p βl
L + βh

p θL + βl
Lθp)Ll

2(βh
p βl

p + βh
p θp + βl

pθp)
(10)

The optimal guaranteed delivery time for the express customersLDC∗
h is given by the unique root

of (11) in the interval [0,Ll).

∂π(Lh)

∂Lh

= − (
βh

L + θL

) (
pDC∗

h (Lh)−m− A
)

+ θL

(
pDC∗

l (Lh)−m− A
)− A ln(1− α)

L2
h

(11)

Proof. See Appendix A.

The corresponding optimal price differentiation is then:

pDC∗
h (Lh)− pDC∗

l (Lh) =
(βl

p − βh
p )a + βh

p βl
LLl − βl

pβ
h
LLh + (βh

p + βl
p)θL(Ll − Lh)

2(βh
p βl

p + βh
p θp + βl

pθp)
(12)

If θp > 0, θL > 0 in the above equations then we have the solution for the “substitutable products;

dedicated capacity” case, whileθp = θL = 0 in the above equations will generate the solution for

the “non-substitutable products; dedicated capacity” scenario.

4.2 Shared Capacity Setting

The shared capacity model [PDTDPSC ] is relatively more challenging to solve, especially in the

absence of an analytical characterization of the delivery time reliability constraint (8) for regular

customers. While the Laplace transform of the sojourn time distributionSl(·) appearing in (8) and

the first few moments are well known (see Stephan 1958, Cohen 1982, Heyman and Sobel 1982),

the distribution itself is somewhat complicated and requires numerical computation for the inverse

Laplace transform, thereby preventing its analytical characterization. There are approximations

proposed in the literature for the sojourn time distribution. However, they are very complex and

often not sufficiently accurate (Abate and Whitt 1997). Moreover, the appropriate approximation

to use depends on demand rates of both customer classes, which can only be determined endoge-
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nously and is not known in advance in our model. Further, even an analytical characterization of

the sojourn time distribution or a good approximation will not produce an analytical solution sim-

ilar to that for [PDTDPDC ] since it cannot be guaranteed at the outset which of the constraints

will be binding at optimality. So, [PDTDPSC ] does not lend itself to an easy solution using con-

ventional optimization methods. We resolve this difficulty by solving it in two stages. We first

solve [PDTDPSC ] for a fixed Lh (we term it as Pricing Decision Problem [PDP ]) using the

matrix geometric methodin a cutting planeframework. Solution to [PDP ] is then used to solve

[PDTDPSC ] using thegolden section searchmethod.

4.2.1 The Pricing Decision Problem [PDP]

On substituting (1) and (2) into (3), the objective function for [PDP ] is quadratic. All constraints

but (8), which does not have a closed form expression, are linear. Although the exact form of

Sl(·) in constraint (8) is unknown, we exploit its special structure, determined numerically using

the matrix geometric method. Plots ofSl(·) vs. (ph, pl), andSl(·) vs. µ are shown in Figure 1.

These plots suggest thatSl(·) is concave in (ph, pl) and separately inµ. However, this does not

necessarily show the joint concavity ofSl(·) in (ph, pl, µ). We will, therefore, integrate into our

solution method a mechanism to ensure that the concavity assumption is not violated.
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Figure 1: Service level vs. prices and capacity

AssumingSl(·) is concave, it can be approximated by a set of tangent hyperplanes at various

points (pk
h, pk

l , µk), ∀ k ∈ K, that is
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Sl(·) = min
k∈K

{
Sk

l (·) + (ph − pk
h)

(
∂Sk

l (·)
∂ph

)
+ (pl − pk

l )
(

∂Sk
l (·)

∂pl

)
+ (µ− µk)

(
∂Sk

l (·)
∂µ

)}

whereSk
l (·) denotes the value ofSl(·) at a fixed point (pk

h, p
k
l , µ

k), and∂Sk
l (·)

∂ph
, ∂Sk

l (·)
∂pl

and ∂Sk
l (·)

∂µ
are

the partial gradients ofSl(·) at (pk
h, p

k
l , µ

k). Constraint (8) can thus be replaced by the following

set of linear constraints:

Sk
l (·) + (ph − pk

h)
(

∂Sk
l (·)

∂ph

)
+ (pl − pk

l )
(

∂Sk
l (·)

∂pl

)
+ (µ− µk)

(
∂Sk

l (·)
∂µ

)
≥ α ∀k ∈ K (13)

Substituting the above set of constraints in place of (8) and the expressions (1) and (2) forλh and

λl results in the following quadratic programming problem (QPP) with a finite but large number of

constraints, which makes it suitable for the cutting plane method (Kelly 1960).

[PDP(K)] :

max
ph,pl,µ

π = −(βh
p + θp)p

2
h − (βl

p + θp)p
2
l + 2θpphpl+

{−βh
LLh + θL(Ll − Lh) + mβh

p + a
}

ph+

{−βl
LLl + θL(Lh − Ll) + mβl

p + a
}

pl − Aµ + (βh
LLh + βl

LLl)m− 2ma (14)

s.t. − (βh
p + θp)ph + θppl − µ ≤ ln(1− α)

Lh

− a + (βh
L + θL)Lh − θLLl (15)

(
∂Sk

l (·)
∂ph

)
ph +

(
∂Sk

l (·)
∂pl

)
pl +

(
∂Sk

l (·)
∂µ

)
µ ≥ α− Sk

l (·)+
(

∂Sk
l (·)

∂ph

)
pk

h +

(
∂Sk

l (·)
∂pl

)
pk

l +

(
∂Sk

l (·)
∂µ

)
µk ∀k ∈ K (16)

− βh
p ph − βl

ppl − µ < βh
LLh + βl

LLl − 2a (17)

− (βh
p + θp)ph + θppl ≥ (βh

L + θL)Lh − θLLl − a (18)

θpph − (βl
p + θp)pl ≥ −θLLh + (βl

L + θL)Ll − a (19)

ph, pl, µ ≥ 0 (20)

It is easy to verify that the Hessian of (14) is negative semidefinite. Therefore, [PDP(K)] has

a quadratic concave objective function. Moreover, all its constraints are linear. Hence, Karush-

Kuhn-Tucker (KKT) conditions are both necessary and sufficient for its global optimal solution
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(Luenberger 1984). [PDP(K)] can be solved using any of the standard algorithms like Wolfe’s

Algorithm (Wolfe 1959).

We use the matrix geometric method to numerically evaluateSk
l (·) at a given point (pk

h, pk
l , µk)

(see Appendix B). We refer our readers to Neuts (1981) and Nelson (1981) for details of the matrix

geometric method. The use of the matrix geometric method yields explicit recursive formulas for

the joint stationary probabilities, which can provide significant computational improvements over

the transform techniques also in use (Miller 1981). Moreover, it gives exact solutions, in contrast to

simulation, which is another alternative method to evaluateSl(·) that at best gives point estimates.

The matrix geometric method is also computationally efficient compared to simulation. This is

important in solving [PDTDPSC ] which requires solving [PDP ] repeatedly for different values

of Lh. OnceSl(·) is evaluated at a point (pk
h, pk

l , µk), its gradients are obtained using thefinite

difference method, described in Appendix C. The gradients are used to generate cuts of the form

(16), which are added iteratively in the cutting plane algorithm (see Appendix D).

4.2.2 The Pricing and Delivery Time Decision Problem [PDTDPSC ]

The Pricing and Delivery Time Decision Problem [PDTDPSC ] adds an additional dimension to

[PDP ] by treatingLh as a decision variable, which the firm tries to jointly optimize along withph,

pl andµ. This makes constraint (7SC) non-linear, and the model substantially more challenging to

solve. We use the solution to [PDP(K)] and the golden section search method (Luenberger 1984,

Winston and Venkataramanan 2003) to solve [PDTDPSC ], which can be rewritten as:

max
Lh∈ (0, Ll)

f(Lh)

wheref(Lh) is a [PDP ] for a fixedLh. We have shown in a dedicated capacity setting thatf(Lh)

has a unique maximum whena is high. Our extensive numerical experiments withf(Lh) suggests

that a sufficiently largea guarantees thatf(Lh) has a unique maximum in a shared capacity setting

as well, and hence [PDTDPSC ] can be solved efficiently using the golden section search method.

At each step, the algorithm solves a [PDP(K)] to evaluatef(Lh) for a given value ofLh.
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5. Analysis and Managerial Insights

We study the four scenarios described in§1, and address the research issues posed therein. Specif-

ically, we first study the individual and joint roles played by product substitution and a firm’s

operations (capacity) strategy in shaping its price and delivery time differentiation policy. We then

investigate how rising capacity costs affect product differentiation policy under different demand

and supply conditions. We test our models numerically under different combinations of parameter

values. Generalizations based on observable patterns that emerge from these numerical exper-

iments are reported as observations, followed by their intuitive explanations wherever possible.

From these observations, we derive conclusions of managerial interest. We first discuss the obser-

vations for the pricing decision problem [PDP ] for a fixed delivery time differentiation. Then we

discuss the more general problem of pricing and delivery time decision [PDTDP ].

Our model setting involves the following parameters:a,m, α, Ll andA. Out of these, we fix

the value ofLl = 1 (so, delivery time differential= 1− L∗h). As regards the other parameters, we

experiment with a large combination of their values as given in Table 7 (see Appendix E). However,

the figures that we present in this paper usesa = 10,m = 3, α = 0.99,A = 0.5 (unless otherwise

stated). For the solution algorithm, a bound (M ) on the high priority queue size needs to be

specified to facilitate use of the matrix geometric method. Computational experiments of priority

queues with an appropriate range of parameter values suggestedM = 100 to be a good choice

with little effect on the accuracy of the waiting time distributions. For the cutting plane algorithm,

we set the tolerance limit (ε) at 10−6, and the step sizes (dph, dpl, dµ) for gradient estimation at

0.001, which are good enough for the accuracy of the results up to 3 decimal places.

5.1 Pricing Decision Problem [PDP]

[PDP] is relevant to situations where a firm may face a significantly higher stickiness for their

delivery time decisions compared to their ability to vary prices. A relatively higher stickiness

for delivery time decisions may arise, for example, because of human resource practices or labor

contracts that prohibit frequent changes to installed capacity via changes to workforce. Or it may

arise due to long lead times for technology purchases. In such a case, a firm may fix a part of its

capacity investment, which varies with its guaranteed service level, by maintaining a fixed delivery
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time standard over a longer horizon. For example, airline call centers are designed to handle 80% of

the economy class passengers within 20 seconds. Airlines have stuck for years to the same waiting

time standard, while willing to change prices daily (Allon and Federgruen 2007). A significantly

high stickiness in delivery time decisions may prevent a firm from frequently adjusting its delivery

times in response to any change in market parameters (β’s andθ’s) or in its operating parameters

(m, A). Under such situations, a firm optimizes its prices, treating its delivery times as fixed.

We start by studying thebehavior of the optimal pricesin response to a change in the guar-

anteed express delivery timeLh in each of the four scenarios. First of all, a change in operating

philosophy from dedicated to shared capacity setting hasno effecton the way the two prices behave

with respect toLh, except for a sudden jump in their values at a specific value ofLh, denoted as

LT
h , in a shared capacity setting.LT

h is the value ofLh at which delivery time reliability constraint

is binding for both the classes of customers (refer to Figure 3). Product substitution, on the other

hand, affects the behavior of regular price only. Figure 2 shows the behavior of the two prices

under different scenarios as we varyLh, and is summarized in the following observation:

Observation 1: In both the dedicated capacity (DC) and the shared capacity (SC) settings, a

decrease inLh results in: (a) an increase inp∗h (b) a decrease inp∗l if θL/βh
L > θp/βh

p ; an increase

p∗l if θL/βh
L < θp/βh

p ; and a constantp∗l if θp = θL = 0.

This behavior is quite intuitive and is similar to what has been shown by Boyaci and Ray (2003)

for the dedicated capacity case (also refer to the expressions of the two prices, given by (9) and

(10)). Since express customers are time-sensitive, a firm can always charge them a higher price for

a guaranteed shorter delivery time. However, in absence of product substitution (θp = θL = 0),

customers from a given class are not concerned about what is offered to the other class. Thus,

the price charged to regular customers is unaffected by any change in the delivery time guaranteed

to the express ones. With product substitution, the behavior of the optimal price for the regular

class depends on the market conditions. In a market withθL/βh
L > θp/βh

p , henceforth referred to

as a “Time Difference Sensitive” (TDS) market, the relative sensitivity of express customers to the

difference in delivery times (with respect to their own delivery times) is greater than their relative

sensitivity to the price difference (with respect to their own price). In such a market, a decrease

in Lh results in a small gain in new express customers but a relatively larger number of regular

customers switch to the express option. By increasingph and decreasingpl simultaneously, the firm
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can attract new regular customers without causing a significant number of express customers to

switch option, thus increasing the profit. The effect of the market withθL/βh
L < θp/βh

p , henceforth

referred to as a “Price Difference Sensitive” (PDS) market, can also be similarly explained (refer

to Boyaci and Ray, 2003, for more details).

We next do a comparison of thevalues of the optimal pricesin the four scenarios to study the

effects of product substitution and capacity policy. Since the behavior of the prices depends on

the market characteristics, we compare their optimal values under the different market settings,

described earlier. We use the following market parameter values:

• Time Difference Sensitive(TDS): βh
p = 0.5; βl

p = 0.7; θp = 0.2; βh
L = 0.9; βl

L = 0.7;

θL = 0.5, such thatθL/βh
L > θp/βh

p andθL/βl
L > θp/βl

p.

• Price Difference Sensitive(PDS):βh
p = 0.5; βl

p = 0.7; θp = 0.4; βh
L = 0.9; βl

L = 0.7;

θL = 0.3, such thatθL/βh
L < θp/βh

p andθL/βl
L < θp/βl

p.

Observation 2: For a given delivery time differentiation(Refer to Figure 2):

- a change in capacity strategy from dedicated to shared results in (a) a generally higherp∗h, (b) a

lowerp∗l , and hence (c) a higher optimal price differentiation

- introduction of product substitutability results in (a) a lowerp∗h, (b) a higherp∗l , and hence (c) a

lower optimal price differentiation.

Managerially speaking, the above observation is significant. It shows that for a capacitated,

pure-price competition environment, a firm’s the operations strategy (dedicated or shared capacity),

as well as its marketing policy (whether to make the products available for all market segments

or to customize them for separate segments), affects both the absolute product prices as well as

the optimal product differentiation strategy. The underlying reason for the above observation is

described below.

We first note that as in DC, the stability condition in SC also is automatically satsfied by the

respective two delivery time reliability constraints. This is because asλh + λl → µ, the queue

of waiting customers grows infinitely long such that the probablity of serving a customer at least

from one of the classes within a finite time will approach 0. Further, for values ofLh smaller

thanLT
h , it is relatively more expensive for firms in SC to meet the target delivery time reliability

α for express customers than for regular customers. Thus the capacity requirement is dictated
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Figure 2: Comparison of prices in the four different scenarios
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Figure 3: Service levels for high and low priority customers in a shared capacity setting

by the demand from express customers such that the optimal combination of prices and capacity

level that satisfies the delivery time reliability constraint (15) for the express class automatically

satisfies the delivery time reliability constraint (16) for the regular class as well as the stability
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condition (17). This is an important observation, which suggests that for values ofLh belowLT
h ,

relaxing the complicating constraint (16) and the stability condition (17) will still give the same

optimal solution to [PDP ], and the resulting problem can be solved analytically (see Appendix F

for details). The optimal prices are then given by:

pSC∗
h (Lh) =

A + m

2
+

(βl
p + 2θp)a− (βl

pβ
h
L + βl

pθL + βh
Lθp)Lh + (βl

pθL − βl
Lθp)Ll

2(βh
p βl

p + βh
p θp + βl

pθp)
(21)

pSC∗
l (Lh) =

m

2
+

(βh
p + 2θp)a + (βh

p θL − βh
Lθp)Lh − (βh

p βl
L + βh

p θL + βl
Lθp)Ll

2(βh
p βl

p + βh
p θp + βl

pθp)
(22)

and

pSC∗
h (Lh)− pSC∗

l (Lh) =
A

2
+

(βl
p − βh

p )a + βh
p βl

LLl − βl
pβ

h
LLh + (βh

p + βl
p)θL(Ll − Lh)

2(βh
p βl

p + βh
p θp + βl

pθp)
(23)

Comparing the above prices with those for the dedicated capacity setting (Proposition 1), we see

that for values ofLh smaller thanLT
h , the price for express customers remains the same, whereas

that for regular customers decreases by a constant factorA/2, thereby increasing the price differ-

entiation.

As Lh increases, demand for express customers decreases, while that for regular customers

increases. The supply system then faces more pressure to satisfy the demand from regular cus-

tomers. Indeed, beyondLT
h the target service levelα becomes more expensive to meet for regular

customers than for express customers. The system then starts behaving akin to a dedicated capacity

system with a delivery time reliability constraint only for the regular customers. The problem is

still difficult to solve analytically in absence of a closed form expression for constraint (16). How-

ever, the optimal strategy for the firm now is to increase the prices for both products so as to ease

pressure on the supply capacity by decreasing the total demand. This increases the price difference

for express customers between the two capacity settings, and decreases it for regular customers,

for Lh larger thanLT
h .

The effect of product substitution in a dedicated capacity setting follows directly from (9) and
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(10).

pDC∗
h (Lh)

∣∣
θp,θL>0

− pDC∗
h (Lh)

∣∣
θp,θL=0

=
−(βl

p − βh
p )θpa− (βh

p θL − βh
Lθp)β

l
pLh + (βl

pθL − βl
Lθp)β

h
p Ll

2βh
p (βh

p βl
p + βh

p θp + βl
pθp)

pDC∗
l (Lh)

∣∣
θp,θL>0

− pDC∗
l (Lh)

∣∣
θp,θL=0

=
(βl

p − βh
p )θpa + (βh

p θL − βh
Lθp)β

l
pLh − (βl

pθL − βl
Lθp)β

h
p Ll

2βh
p (βh

p βl
p + βh

p θp + βl
pθp)

The above equations show that for a sufficiently higha, which is the condition forLh < Ll and

ph > pl, ph decreases whereaspl increases with substitution. The effect is most pronounced when

the market is simultaneously TDS for express customers and PDS for regular customers. The

effect of product substitution in a shared capacity setting for smallA can be explained similarly by

substitutingθp = θL = 0 in (21) and (22).

Observation 3: A change in capacity strategy from dedicated to shared results in higher profits,

whereas introducing substitutability erodes profit. The effect, in general, is stronger at higher

delivery time differentiation. (Refer to Figure 4).
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Figure 4: % Profit gain for different scenarios over the “non-substitutable products; dedicated
capacity” scenario

Figure 4 shows the % gain in profit in different scenarios over the “non-substitutable products;

dedicated capacity” scenario. Regardless of the market characteristics, shared compared to dedi-

cated capacity always leads to higher profits. This can be shown analytically for smallLh. For a
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smallLh, we first note that the following relations hold between capacity requirements of the two

settings:

µSC∗ = λSC∗
h − ln(1− α)

Lh

≤ λDC∗
h − ln(1− α)

Lh

< λDC∗
h − ln(1− α)

Lh

+ λDC∗
l − ln(1− α)

Ll

= µDC∗
h + µDC∗

l

The first≤ relation above can be explained by comparing the resulting express demand functions

obtained by substituting the prices (pDC∗
h , pDC∗

l ) and (pSC∗
h , pSC∗

l ) in the demand model (1) and (2),

and using the relations:pSC∗
h = pDC∗

h andpSC∗
l < pDC∗

l (from Observation 1). This shows that a

firm in a shared capacity setting benefits from capacity pooling. The gain in profit in SC over DC

is attributed mostly to the savings in capacity related costs due to capacity pooling.

We further observer that the relative gain in profit in SC over DC increases with an increase in

the delivery time differentiation (decrease inLh). A unit decrease in the express delivery timeLh

(corresponding to a unit increase in the delivery time differentiation) generates additional demand

from express customers at a rate of(βh
L+θL), out of whichβh

L are new customers andθL are regular

customers who now switch to the express delivery option. The net result is an increase in the total

demand at a rateβh
L. A larger delivery time differentiation, therefore, leads to a larger capacity

required to serve the increased demand, which increases the savings due to capacity pooling in SC.

An increase in capacity cost will, therefore, increase such a gain in profit. Product substitution,

on the other hand, results in lower profits. This is consistent with the revenue management theory,

which suggests that a properly designed fence that prevents leakage of demand from high price

segment to the low price segment enhances a firm’s profit (Zhang 2007). Results obtained in this

section are summarized in Table 3.

5.2 The Pricing and Delivery Time Decision Problem [PDTDP]

The last section focussed on the optimal pricing (and price differentiation) strategy, for a given

delivery time differentiation. In this section we address the issue of overall product differentiation
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Table 3: Summary: Observations for the Pricing Decision Problem

Decision Effect of SC Effect of product
Variables compared to DC substitution
p∗h(Lh) ↑ ↓
p∗l (Lh) ↓ ↑

p∗h(Lh)− p∗l (Lh) ↑ ↓
π(Lh) ↑ ↓

- both in terms of delivery time and price. So, we now solve the pricing and delivery time decision

problems - [PDTDPDC ] and [PDTDPSC ]. We first study the comparison of the optimal product

differentiation under the four scenarios for a given marginal capacity costA, and then study their

behavior asA increases.

Optimal Product Differentiation for a Given Marginal Capacity Cost

We present a small sample from our extensive numerical experiments to illustrate our comparison

of the optimal decisions in the four scenarios. We use the following demand parameters:a =

10, βh
p = 0.5, βl

p = 0.7, βh
L = 0.9, βl

L = 0.7. For product substitution, the following two

parameter combinations correspond to: (i) TDS:θp = 0.2 andθL = 0.5 (ii) PDS: θp = 0.4 and

θL = 0.3. Other parameters are fixed at:m = 3, α = 0.99, Ll = 1. We use two different

values forA to illustrate the difference in the behavior of optimal decisions in a shared capacity

setting when capacity cost is high versus when it is small: (i)A = 0.10 (small capacity cost)

(ii) A = 1.0 (high capacity cost). The results are presented in Table 4 for “without substitution”

scenario and in Table 5 for “with substitution” scenario. General observations arising from our

numerical results are in Observation 4. These observations hold true in general, independent of the

system parameter values chosen even though we are unable to establish such results analytically,

especially for largeA for which we do not have analytical results in a shared capacity setting. Some

of these observations, especially when the capacity costA is small, are explained analytically in

Appendix F.

Observation 4: - If a firm decides to change its operations (capacity) strategy from dedicated to

shared, then (whether the products are substitutable or not): (a) it should increase price differ-

entiation, and (b) should also increase delivery time differentiation if capacity is expensive, but

decrease it (or keep it at the same level) when capacity is cheap.
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Table 4: Numerical Results: Without Product Substitution

A = 0.10 A = 1.0
DC SC DC SC

L∗h 0.2494 0.2494 0.8405 0.42755
Ll − L∗h 0.7506 0.7506 0.1595 0.57245

p∗h 11.3255 11.3255 11.2436 11.8355
p∗l 8.1929 8.1429 8.6429 8.3985

p∗h − p∗l 3.1326 3.1826 2.6007 3.4370

Table 5: Numerical Results: With Product Substitution

A = 0.10 A = 1.0
TDS PDS TDS PDS

DC SC DC SC DC SC DC SC
L∗h 0.2389 0.2393 0.2569 0.2572 0.8201 0.4277 0.8716 0.4276

Ll − L∗h 0.7611 0.7607 0.7431 0.7428 0.1799 0.5723 0.1284 0.5724
p∗h 10.8152 10.8148 10.3582 10.358 10.6938 11.29595 10.3639 10.9126
p∗l 8.5642 8.5142 8.8789 8.8289 9.0487 8.775273 9.2512 9.0739

p∗h − p∗l 2.251 2.3006 1.4793 1.5291 1.6451 2.520679 1.1127 1.8387

- If a firm decides to make its market-customized products available to all customers (i.e, intro-

duces substitutability), then: (a) it should decrease price differentiation irrespective of the capacity

strategy, but (b) may need to increase or decrease delivery time differentiation, depending on the

capacity strategy, market conditions and marginal capacity cost.

Managerial Implications: Clearly, when the marginal capacity cost is large, sharing capacities

always increases both the optimal delivery time and price differentiation of a firm, regardless of the

product/market characteristics. This is in contrast to the argument presented by Boyaci and Ray

(2003) that sharing capacity will lead to“averaging” , i.e., all customers are served at an average

speed and charged an average price. We further look at the example of FedEx versus UPS to see

if the industry practice corroborates our finding. As noted earlier, FedEx uses separate facilities

for its express and ground services, whereas UPS delivers express and ground services using one

integrated network. Table 6 shows the menu of services offered by FedEx10 and UPS11 for a normal

package (within 1 lb) delivery between Waterloo and Toronto, Canada. Clearly, UPS, which uses a

shared capacity policy, maintains a greater delivery time and price differentiation between the two

options offered, as compared to FedEx, which uses dedicated capacity. This seems to be in close

10http://www.fedex.com/ratefinder/home?cc=ca&language=en
11https://wwwapps.ups.com/ctc/request?loc=en CA
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agreement with our observation, assuming that the marginal capacity cost is sufficiently large.

Table 6: Price and delivery time differentiation by FedEx vs. UPS

FedEx UPS
Service Guaranteed Rate Service Guaranteed Rate

Delivery Delivery
FedEx First by 9:00 AM 33.40 CAD UPS Express by 8:00 AM 42.2 CAD
Overnight next day Early A.M. next day

FedEx Priority by 12:00 PM 18.84 CAD UPS Express by 12:00 PM 15.32 CAD
Overnight next day Saver next day

The above observation also has important implications for Dell or steel, chemical and consumer

product industries, cited in§1, that quote a specific price and delivery time combination to one

segment of customers, which is not available to the other segment. The products/services offered to

different market segments are thus non-substitutable. If these firms decide to make their products

available across different market segments, allowing the customers to self-select their options,

then this will require these firms to reduce price differentiation between the different products

irrespective of the capacity strategy used. This is intuitive since the customers’ preference for a

given product are now affected not only by its absolute price, but also by its price compared to

the other option. By keeping this price difference small, a firm can minimize the migration of

customers to the lower price option, and hence its loss of revenue. The effect on the delivery

time quotation will, however, depend on the market characteristics and capacity policy used. In a

dedicated capacity setting, the firm’s optimal strategy will be to offer more differentiated delivery

time options if the market is TDS type. This is because increasing the delivery time difference

in a TDS type market will induce its customers to opt for the express option, thereby increasing

its revenue. On the other hand, in a PDS type market, the firm should offer more homogeneous

delivery time options. Since the customers are now more sensitive to the price difference, the

firm can reduce the delivery time differentiation, which allows it to further decrease the price

difference, thereby minimizing the migration of customers to the lower price option. In a shared

capacity environment, optimal delivery time differentiation for the PDS market will be the same as

before, but for TDS market the differentiation will further depend on the firm’s marginal capacity

cost.

From customers’ point of view, if the capacity cost is high, express customers get a better
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service (LSC∗
h < LDC∗

h ) from a firm using shared capacities. However, they need to pay a higher

price (pSC∗
h > pDC∗

h ) to get a better service. Whereas regular customers get a better deal from a

firm using shared capacities in that they get the same service as that from a firm using dedicated

capacities (LSC∗
l = LDC∗

l ) but at a lower price (pSC∗
l < pDC∗

l ).

Effects of Capacity Cost Increase

Another issue of potential managerial interest is how should the product differentiation strategy for

a firm change as its marginal capacity costA changes. The details of the effects ofA on the optimal

decision variable values are shown in Appendix H. Optimal delivery time and price differentiation

decisions under various scenarios are shown in Figures 5 and 6 for a TDS type market and a PDS

type market, respectively. The following observation summarizes our main finding in this context.
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Figure 5: Effects of operations strategy and product substitution in a TDS type market

Observation 5: - For a firm using a dedicated capacity strategy, its optimal response to any
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Figure 6: Effects of operations strategy and product substitution in a PDS type market

increase in marginal capacity cost is to: (a) decrease the delivery time differentiation, and (b)

decrease the price differentiation.

- For a firm using a shared capacity strategy, its optimal response to any increase in marginal

capacity cost is to: (a) decrease the delivery time differentiation, and (b) also decrease the price

differentiation when the status-quo capacity cost is low, but to increase it when the status-quo

capacity cost is high. (Refer to Figures 5 and 6).

One would expect increasing capacity cost to drive the prices higher. However, when the customers

are also sensitive to the delivery time, the optimal strategy appears to be otherwise. The optimal

strategy is to react to an increase in capacity cost by offering longer express delivery time. There-

fore, the delivery time differentiation always decreases with an increase in the marginal capacity

cost, irrespective of the firm’s operations strategy, absence or presence of product substitution or

the market conditions. This can be intuitively explained as follows. With an increase in capacity
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cost, it becomes increasingly expensive for the firm to offer a shorter delivery time. Hence, for

a given delivery time offered to the regular customers, the optimal strategy for the firm then is to

offer a longer delivery time to the express customers, and hence reduce its delivery time differenti-

ation. A longer express delivery time, in turn, decreases price differentiation in a dedicated setting,

as evident from (12).

An increase in the capacity cost in a shared capacity setting has similar effects if the status-quo

capacity cost is small. However, the effect is more pronounced in a dedicated capacity setting. This

is because an increase in capacity cost has a greater effect on the firm’s profit in a dedicated capacity

setting due to larger total capacity requirement. On the other hand, if the capacity cost is already

high, any further increase in cost may require the firm to increase price differentiation in a shared

capacity setting (although delivery time differentiation decreases). Mathematical justifications for

this results are given in Appendix H.

Managerial Implications: Observation 5 suggests that rising fuel prices, which effectively

increases capacity cost, has different implications for FedEx and UPS. The best strategy for FedEx,

which operates in a dedicated capacity environment, in such a situation is to make its products

more homogeneous, both in terms of delivery times and prices. Whereas UPS, which uses a shared

capacity policy, needs to increase the price differentiation for its products, despite making them

more homogeneous in terms of guaranteed delivery times. This is likely to induce a portion of its

express customers to switch to the regular delivery option. Note that the two firms should also be

careful about altering their decisions properly as fuel prices start going down, as has been the case

recently.

6. Conclusions and Future Research

In this paper we studied the optimal product differentiation strategy of a firm selling two ”prod-

ucts”, which are similar in all respect except in their prices and guaranteed delivery times, in a

capacitated environment. Our primary objective was to understand how the demand-side product

substitution interacts with the firm’s supply-side operations policy (using dedicated versus shared

capacity) in shaping the optimal pricing and delivery time decisions as well as the optimal capac-

ity level. For this we developed a general mathematical model, special cases of which captures
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the four scenarios of our interest depending on whether the products are substitutable or not, and

whether the capacity strategy is shared or dedicated. From a technical perspective, our method-

ology for dealing with the analytically-difficult shared capacity setting is somewhat novel. This

involved linking a matrix geometric model for queuing performance analysis to a cutting plane

algorithm for optimization.

Our analytical/numerical study of the models clearly shows that the firms’s operations strategy

as well as its policy regarding whether to customize products for different markets or to make them

available for all plays a major role in determining its optimal prices and delivery time. In a high-

capacity-cost business environment, sharing the same capacity for processing the two products

results in express (regular) customers being offered faster (slower) and more expensive (cheaper)

products, compared to when there are dedicated capacities for each of them. This implies that the

firm offers a more differentiated product under a shared capacity setting. Interestingly, the above

effect of the capacity strategy does not depend on any end customer characteristics or whether

the products are substitutable or not. In contrast, the effects of substitutability of the products on

delivery time decision do depend on the operations strategy used by the firm and the behavior of

the end customers, in addition to the capacity cost. Specifically, the guaranteed delivery times for

the two products may be more differentiated or more homogeneous when non-substitutable prod-

ucts become substitutable, depending on the values of the three factors. However, introduction of

substitutability always results in cheaper express products and more expensive regular products,

i.e., in a more homogeneous pricing scheme. We also demonstrated that as the capacity becomes

more costly, the optimal response of the firm depends on its operations strategy, but not on demand

characteristics. In that case, a dedicated capacity firm should always reduce (both price and deliv-

ery time) differentiation of its products, whereas a shared capacity firm should always offer more

homogeneous delivery times, but need to increase or decrease the price differentiation depending

on whether the system is already highly capacitated or not, respectively.

The above results are managerially quite relevant. First of all, they show how capacitated firms

should alter their product differentiation strategy when they make changes in their market coverage

of product offerings and/or capacity strategy. We also showed that managers need to pay close

attention to two other factors - capacity cost of the business environment they are operating in and

the behavior of their end customers - both of which play crucial role in many circumstances. As we
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demonstrated through the FedEx/UPS example, our results are corroborated by real-life practice.

Our analysis regarding the effects of increasing capacity cost is especially relevant keeping in mind

the rapid rise/fall of fuel costs that most firms are facing (which directly impacts capacity cost in

a number of sectors). We demonstrate how managers should optimally respond to these changing

business environments in order to gain competitive advantage.

There are a number of directions in which we can extend this research. One possible extension

would be to develop a good approximation for the sojourn time distributionSl(·) of the low priority

customers in a shared capacity setting, which can be used in the optimization model to simplify

its analysis. Another possible extension might be to include the guaranteed delivery time for

the regular customers also as a decision variable. Lastly, it would be interesting to incorporate

horizontal competition in the model as has been done by So (2000), Tsay and Agarwal (2000) and

Pekgun et al. (2006). However, firms in all these studies compete for a single product, and hence

product substitutability is not an issue. We see modeling two competing firms each of which sells

two substitutable products (as is the case for FedEx and UPS) as a possible extension of our work.

This may, however, make the model extremely challenging, and developing a good approximation

is imperative in that case.
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Appendix A: Solution to [PDTDPDC ]

It is well known that at optimality, the two delivery time reliability constraints (7DC) and (8DC)

must be binding (Palaka et al. 1998, So and Song 1998, Boyaci and Ray 2003). This implies that

the two service rates will be given by:

µi = − ln(1− α)

Li

+ λi, i ∈ {h, l}

As a result, [PDTDPDC ] reduces to maximizing (3) withµi as given above. The system sta-

bility conditions (6DC) are automatically satisfied by the expressions forµi. Upon substituting

the expressions forµi into (3), and taking it partial derivatives with respect toph andpl gives the

following Hessian for a fixedLh:


 −2(βh

p + θp) 2θp

2θp −2(βl
p + θp)




Clearly, the first order principal minors of the Hessian are negative, while the second order principal

minor is positive. This shows that the objective functionπ(Lh) is concave for a fixedLh, and,

therefore, has a unique pair of optimal pricespDC∗
h (Lh) andpDC∗

l (Lh), which can be obtained by

solving the following system of equations:

∂π(Lh)

∂ph

= 0;
∂π(Lh)

∂pl

= 0

Substituting the optimal prices given by (9) and (10) into the objective function, and differentiating

it with respect toLh gives:
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∂π(Lh)

∂Lh

=− (
βh

L + θL

) (
pDC∗

h (Lh)−m− A
)

+ θL

(
pDC∗

l (Lh)−m− A
)− A ln(1− α)

L2
h

(A1)

∂2π(Lh)

∂L2
h

=
(βl

p + θp)(β
h
L)2 + (βh

p + βl
p)(θL)2 + 2βl

pβ
h
LθL

2(βh
p βl

p + βh
p θp + βl

pθp)
+

2A ln(1− α)

L3
h

(A2)

∂3π(Lh)

∂L3
h

=− 6A ln(1− α)

L4
h

(A3)

The the first three derivatives ofpi(Lh) suggests that it has the following properties:

• As Lh → 0+, π(Lh) → −∞.

• π(Lh) is increasing concave inLh in the vicinity ofLh = 0+.

• As Lh increases from 0,π(Lh) changes from concave to convex for someLh ∈ (0, +∞),

and never becomes convex again.

It is clear from the above properties ofπ(Lh) that it has a unique maximum and at most one min-

imum in [0, +∞). The stationary points are given by the roots of∂π(Lh)/∂Lh in [0, +∞), which

is given by (A1). Further,π(Lh = Ll) < 0 is sufficient to guarantee that∂π(Lh)/∂Lh has only

one root in the interval[0, Ll), and that it is the point of maximum. The condition simplifies to:

−{
(βl

p − βh
p )θL + βl

pβ
h
L + 2βh

Lθp

}
a +

{
(βl

pβ
h
L + βh

Lθp + βl
Lθp)β

h
L + (βl

pβ
h
L − βh

p βl
L)θL

}
Ll

2(βh
p βl

p + βh
p θp + βl

pθp)

+
βh

L(A + m)

2
− A ln(1− α)

(Ll)2
< 0 (A4)

Sinceβh
p < βl

p (Assumption 1), a necessary condition for (A4) to hold isa to be high (Assumption

2). A sufficiently high value ofa also guaranteesλi > 0, pi > 0 andph > pl.

Appendix B: The Matrix Geometric Method

The Joint Stationary Queue Length Distribution: If we defineNh(t) andNl(t) as state variables

representing the number of high and low priority customers in the system at time t, then{N(t)} =

{Nl(t), Nh(t), t ≥ 0} is a continuous-time two-dimensional Markov chain with state space{n =

(nl, nh)}. The key idea we employ here is that{N(t)} is aquasi-birth-and-death(QBD) process,

which allows us to develop a matrix geometric solution for the joint distribution of the number of
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customers of each class in the system. A simple implementation of the matrix geometric method,

however, requires the number of states in the QBD process to be finite. For this, we treat the queue

length of high priority customers (including the one in service) to be of finite sizeM , but of size

large enough for the desired accuracy of our results. Since high priority customers are always

served in priority over low priority customers, it is reasonable to assume that its queue size will

always be bounded by some large number.

In the Markov process{N(t)}, a transition can occur only if a customer of either class arrives

or a customer of either class is served. The possible transitions are:

From To Rate Condition
(nl, nh) (nl, nh + 1) λh for nl ≥ 0, nh ≥ 0
(nl, nh) (nl + 1, nh) λl for nl ≥ 0, nh ≥ 0
(nl, nh) (nl, nh − 1) µ for nl ≥ 0, nh > 0
(nl, nh) (nl − 1, nh) µ for nl > 0, nh = 0

The infinitesimal generator Q associated with our system description is thus block-tridiagonal:

Q =




B0 A0

A2 A1 A0

A2 A1 A0

.. . . .. .. .




whereB0, A0, A1, A2 are square matrices of orderM +1. These matrices can be easily constructed

using the transition rates described above.

A0 =




λl

λl

. ..
.. .

λl




; A2 =




µ

0
. ..

.. .

0




; B0 =




∗ λh

µ ∗ λh

µ ∗ λh

.. . . . . . ..

µ ∗




where∗ is such thatA0e + B0e = 0. A1 = B0 − A2.

We denotex as the stationary probability vector of{N(t)}:

x = [x00, x01, . . . , x0M , x10, x11, . . . , x1M , . . . , . . . , xi0, xi1, . . . , xiM , . . . , . . .]
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The vectorx can be partitioned by levels into sub vectorsxi, i ≥ 0, wherexi = [xi0, xi1, . . .,

xiM ] is the stationary probability of states in level i (nl = i). Thus,x = [x0,x1,x2,x3, . . . , . . .]. x

can be obtained using a set of balance equations, given in matrix form by the following standard

relations (Latouche and Ramaswami 1999, Nelson 1991, Neuts 1981):

xQ = 0; xi+1 = xiR

whereR is the minimal non-negative solution to the matrix quadratic equation:

A0 + RA1 + R2A2 = 0

The matrixR can be computed using well known methods (Latouche and Ramaswami 1999). A

simple iterative procedure often used is:

R(0) = 0 ; R(n + 1) = − [
A0 + R2(n)A2

]
A−1

1

The probabilitiesx0 are determined from:

x0(B0 + RA2) = 0

subject to the normalization equation:

∑
xke = x0(I −R)−1e = 1

wheree is a column vector of ones of sizeM + 1.

We are aware that there is a more elegant method presented by Miller (1981) that exploits the

special structure of theR matrix to compute the joint stationary probabilities for M/M/1 priority

queues. However, we use the more general method since our main focus is on the managerial

insights generated from our research and not as much on the elegance of the solution algorithm.

Estimation of Sl(·): The delivery timeWl of a low priority customer is the time between its arrival

to the system till it completes service. It may be preempted by one or more high priority customers

for service. So it is difficult to characterize the distributionSl(·). Ramaswami and Lucantoni

(1985) present an efficient algorithm based onuniformizationto derive the complimentary distri-

bution of waiting times in phase-type and QBD processes. The same approach is used by Leemans

(2001) to derive the complimentary distribution of waiting times in a more complex queuing sys-
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tem. We adopt their algorithm to deriveSl(·), the distribution of the waiting time plus the time in

service of low priority customers.

Consider a tagged low priority customer entering the system. The time spent by the tagged

customer depends on the number of customers of either class already present in the system ahead

of it, and also on the number of high priority arrivals before it completes its service. All further low

priority arrivals, however, have no influence on its time spent in the system. The tagged customer’s

time in the system is, therefore, simply the time until absorption in a modified Markov process

{Ñ(t)}, obtained by settingλl = 0. Consequently, matrix̃A0, representing transitions to a higher

level, becomes a zero matrix. We define anabsorbingstate, call it state0
′
, as the state in which

the tagged customer has finished its service. The infinitesimal generator for this process can be

represented as:

Q̃ =




0 0 0 0 0 · · ·
b0 B̃0 0

0 A2 Ã1 0

0 A2 Ã1 0
...

. .. .. . . ..




where,B̃0 = B0 + A0; Ã1 = A1 + A0; andb0 = [µ 0 · · · 0]TM+1. The first row and column in

Q̃ corresponds to the absorbing state0́. The time spent in system by the tagged customer, which is

the time until absorption in the modified Markov process with rate matrixQ̃, depends on the prices

(ph andpl), through the arrival rates (λh andλl), and the service rateµ. For given prices (pk
h, pk

l )

and service rateµk, the distribution of the time spent by a low priority customer in the system is

Sk
l (y) = 1 − Sk

l (y), whereSk
l (y) is the stationary probability that a low priority customer spends

more thany units of time in the system. Further, letSk
li(y) denote the conditional probability that a

tagged customer, who findsi low priority customers ahead of it, spends a time exceedingy in the

system. The probability that a tagged customer findsi low priority customers is given, using the

PASTA property, byxi = x0R
i. Sk

l (y) can be expressed as:

Sk
l (y) =

∞∑
i=0

xiSk
li(y) (B1)

Sk
li(y) can be computed more conveniently by uniformizing the Markov process{Ñ(t)} with a
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Poisson process with rateγ, where

γ = max
0≤i≤M

(−Q̃)ii = max
0≤i≤M

(−Ã1)ii = max
0≤i≤M

− (A0 + A1)ii

so that the rate matrix̃Q is transformed into the discrete-time probability matrix:

Q̂ =
1

γ
Q̃ + I =




1 0 0 0 0 · · ·
b̂0 B̂0 0

0 Â2 Â1 0

0 Â2 Â1 0
...

.. . . . . . ..




whereÂ2 = A2

γ
, Â1 = Ã1

γ
+ I, b̂0 = b0

γ
. In this uniformized process, points of a Poisson process

are generated with rateγ and transitions occur at these epochs only. The probability that n Poisson

events are generated in timey equalse−γy (γy)n

n!
. Suppose the tagged customer findsi low priority

customers ahead of it. Then, for its time in system to exceedy, at mosti of then Poisson points

may correspond to transitions to lower levels (i.e., service completions of low priority customers).

Therefore,

Sk
li(y) =

∞∑
n=0

e−γy (γy)n

n!

i∑
v=0

G(n)
v e,i ≥ 0 (B2)

where,G(n)
v is a matrix such that its entries are the conditional probabilities, given that the system

has maden transitions in the discrete-time Markov process with rate matrixQ̂, that v of those

transitions correspond to lower levels (i.e., service completions of low priority customers). Substi-

tuting the expression forSk
li(y) from (B2) into (B1), we obtain:

Sk
l (y) =

∞∑
n=0

dne−γy (γy)n

n!
(B3)

where,dn is given by:

dn =
∞∑
i=0

x0R
i

i∑
v=0

G(n)
v e, n ≥ 0 (B4)

40



Now,

∞∑
i=0

Ri

i∑
v=0

G(n)
v e

=
n+1∑
i=0

Ri

i∑
v=0

G(n)
v e +

∞∑
i=n+2

Ri

n∑
v=0

G(n)
v e (since Kn

v = 0 for v > n)

=
n+1∑
v=0

n+1∑
i=v

RiG(n)
v e + (I −R)−1Rn+2e

(
since

n∑
v=0

G(n)
v e = e

)

=
n+1∑
v=0

(I −R)−1(Rv −Rn+2)G(n)
v e + (I −R)−1Rn+2e

(
since

n+1∑
v=0

G(n)
v e = e

)

=
n∑

v=0

(I −R)−1RvG(n)
v e + (I −R)−1Rn+1G

(n)
n+1

=
n∑

v=0

(I −R)−1RvG(n)
v e

(
since G(n)

v = 0 for v > n
)

= (I −R)−1Hne n ≥ 0

where,Hn =
∑n

v=0 RvG
(n)
v . Therefore,

Sk
l (Ll) = 1− Sk

l (Ll) =
∞∑

n=0

e−γLl
(γLl)

n

n!
x0(I −R)−1Hne (B5)

Hn can be computed recursively as:

Hn+1 = HnÂ1 + RHnÂ2; H0 = I

Therefore, for given prices (pk
h, pk

l ) and service rate (µk), Sk
l (·) in (16) can be computed using (B5).

Appendix C: Estimation of the Gradient of Sl(·)
There are several methods available in the literature to compute the gradients ofSl(·) (Carson and

Maria 1997, Andradottir 1998). We use afinite differencemethod as it is probably the simplest

and most intuitive, and can be easily explained (Atlason et al. 2004). Using the finite difference

method, the gradients can be computed as:
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∂Sk
l (·)

∂ph

=
S

(pk
h+dph,pl,µ)

l (·)− S
(pk

h−dph,pl,µ)

l (·)
2dph

∂Sk
l (·)

∂pl

=
S

(ph,pk
l +dpl,µ)

l (·)− S
(ph,pk

l −dpl,µ)

l (·)
2dpl

∂Sk
l (·)

∂µ
=

S
(ph,pl,µ

k+dµ)
l (·)− S

(ph,pl,µ
k−dµ)

l (·)
2dµ

wheredph, dpl anddµ (referred to as step sizes) are infinitesimal changes in the respective vari-

ables. These estimates of the gradients are used in the cutting plane algorithm to generate con-

straints/cuts of the form (16).

Appendix D: The Cutting Plane Algorithm

We now describe the cutting plane algorithm to solve [PDP(K)]. The algorithm fits the framework

of Kelley’s cutting plane method (Kelley 1960). It differs from the traditional description of the

algorithm in that we use the matrix geometric method to generate the cuts and evaluate the func-

tion values instead of having an algebraic form for the function and using analytically determined

gradients to generate the cuts. Figure 7 shows a flowchart of the cutting plane algorithm. The

Solve [PDP(K)] to obtain k
and,

k

l

k

h pp .

Given k
and,

k

l

k

h pp , compute k

lS

Is k

lS ?Stop
Yes

No 
  Add a cut to [PDP(K)].

  k = k + 1 

Start 

k = 0, i.e., constraint set (16) is initially 

empty. 

Compute gradients 
k

k

l

k

l

k

l

k

h

k

l S

p

S

p

S
,,

using finite difference method. Generate 

a cut of the form (16). 

Figure 7: Cutting Plane Algorithm
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algorithm works as follows: We start with an empty constraint set (16), which results in a simple

QPP, and obtain an initial solution (p0
h, p0

l , µ0). We use the matrix geometric method to compute

the distributionS
(p0

h,p0
l ,µ0)

l (·) of Wl. If S
(p0

h,p0
l ,µ0)

l (·) meets the delivery time reliability constraintα,

we stop with an optimal solution to [PDP(K)], else we add to (16) a linear constraint/cut generated

using the finite difference method. The new cut eliminates the current solution but does not elim-

inate any feasible solution to [PDP(K)]. This procedure repeats until the delivery time reliability

constraint is satisfied within a sufficiently small tolerance limitε such that|Sl(·)− α| ≤ ε. The

method has been proved to converge (Atlason et al. 2004).

The success of the cutting plane algorithm relies on the concavity ofSl(·). We have already

demonstrated, using computational results obtained by the matrix geometric method, thatSl(·)
is concave in (ph, pl) and separately concave inµ. However, it is difficult to establish the joint

concavity ofSl(·) in (ph, pl, µ). If the concavity assumption is violated, then the algorithm may cut

off parts of the feasible region and terminate with a solution that is suboptimal. We include a test to

ensure the concavity assumption is not violated. This is done by ensuring that a new point, visited

by the cutting plane algorithm after each iteration, lies below all the previously defined cuts, and

that all previous points lie below the newly added cut. The test, however, cannot ensure thatSl(·)
is concave unless it examines all the points in the feasible region. Still, it does help ensure that the

concavity assumption is not violated at least in the region visited by the algorithm. Details of the

test can be found in Atlason et al. (2004).

Appendix E: Numerical Experiment Design

Table 7: Parameter settings for numerical experiments

Parameter Number of Choices Possible Values
a 5 {10, 50, 100, 200, 400}
m 6 {1, 2, 3, 4, 5, 6}
A 6 {0.1, 0.25, 0.5, 0.75, 1, 2}
α 5 {0.95, 0.96, 0.97, 0.98, 0.99}

Note that not all possible combination of values given in Table 7 are used in our experiment.

An important assumption we have made throughout is thata is sufficiently high (see Assumption

2). This was required to guarantee a uniqueL∗h that maximizes a firm’s profit. We use only those

combinations of parameter values from Table 7 that makea sufficiently large for our purpose. For

a given parameter combination, we repeat the experiment for both the TDS and PDS market types,
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as defined in§5.1, and also for the following combination of market parameters, which corresponds

to a “Neither TDS nor PDS” market type:

• βh
p = 0.6,βl

p = 0.9,θp = 0.2,βh
L = 0.9,βl

L = 0.6,θL = 0.3

Appendix F: PDP in SC for Lh smaller than LT
h

[PDP(K)] in absence of constraints (16) is similar in form to the pricing problem with a single

class of customers (see Palaka et al. 1998, So and Song 1998, Ray and Jewkes 2004). For the

resulting problem, it is well known that at optimality, the delivery time reliability constraint (15)

for the express class must be binding, which implies that constraint (15) will hold with equality:

µ = − log(1− α)

Lh

+ a− (βh
p + θp)ph + θppl − (βh

L + θL)Lh + θLLl

As a result, [PDP] reduces to maximizing (14) withµ as given above. This allows the resulting

problem to be solved analytically using the same tricks used in Appendix A.

Appendix G: Effects of Product Substitution and Capacity Sharing

The effect of sharing capacity can be explained mathematically for smallA. WhenLh is small, the

optimal prices in SC are given by (21) and (22). Substituting (21) and (22) inpiSC(Lh), it is easy

to verify thatπSC(Lh) has the same properties as as doespiDC(Lh), given in Appendix A. Hence,

under Assumption 2,πSC(Lh) has a unique maximizer, given by the root of (G1) in the interval

[0, Ll):

∂πSC(Lh)

∂Lh

=− (
βh

L + θL

) (
pDC∗

h (Lh)−m− A
)

+ θL

(
pDC∗

l (Lh)−m
)− A ln(1− α)

L2
h

(G1)

For smallA, the effect of sharing capacity on delivery time differentiation can be explained using

the following relation:
∂π(Lh)

∂Lh

∣∣∣∣
SC

− ∂π(Lh)

∂Lh

∣∣∣∣
DC

=
θLA

2
≥ 0 (G2)

Absence of product substitution (θL = 0) implies (G2)= 0. This suggests that sharing capacity,

when it is relatively inexpensive, has no effect on the optimal express delivery time, and hence

on delivery time differentiation. Presence of product substitution (θL = 0), on the other hand,

implies (G2)> 0. Further,π(Lh) is increasing concave inLh for Lh ≤ LDC∗
h . Similarly, π(Lh) is
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increasing concave inLh for Lh ≤ LSC∗
h . This, together with (G1)> 0, implies that:

LSC∗
h := {LSC

h : ∂π/∂LSC
h = 0} > LDC∗

h := {LDC
h : ∂π/∂LDC

h = 0} for θ > 0

This implies that whenA is small, sharing capacity in presence of product substitution increases

optimal Lh, and hence decreases delivery time differentiation. This, together with (9) and (21),

explains the effect on optimalph due to capacity sharing.

The effect of product substitution in a dedicated capacity setting follows from the following

expression:

∂π(Lh)

∂Lh

∣∣∣∣
θp,θL>0

− ∂π(Lh)

∂Lh

∣∣∣∣
θp,θL=0

=
−βl

p(β
l
p − βh

p )(βh
p θL − βh

Lθp)a

2βh
p βl

p(β
h
p βl

p + βh
p θp + βl

pθp)

+
{βh

p βl
p(β

h
p + βl

p)(θL)2 + βh
p (βl

p)
2βh

LθL + (βl
p)

2βh
L(βh

p θL − βh
Lθp)}Lh

2βh
p βl

p(β
h
p βl

p + βh
p θp + βl

pθp)

− {βh
L(βl

pθL − βl
Lθp) + (βh

p + βl
p)(θL)2 + βh

p βl
LθL}Ll

2βh
p βl

p(β
h
p βl

p + βh
p θp + βl

pθp)
(G3)

A high value ofa, which is required forLh < Ll andph > pl, makes (G3) negative (resp., positive)

if βh
p θL − βh

Lθp > 0 (resp.,< 0). We have already shown that the profit function is increasing

concave until it attains its maximum. Therefore, (G3)< 0 (resp.,> 0) implies that optimalLh

decreases (resp., increases) with substitution. This implies that product substitution decreases

(resp., increases)L∗h, and hence increases (resp., decreases) the delivery time differentiation for a

TDS (resp., PDS) type market.

Appendix H: Effect of Capacity Cost

For a dedicated capacity setting:

∂L∗h
∂A

= −
(

∂2π/∂Lh∂A

∂2π/∂L2
h

) ∣∣∣∣
Lh=L∗h

, where
∂2π

∂Lh∂A

∣∣∣∣
Lh=L∗h

=
βh

L

2
− ln(1− α)

L∗h
> 0.

Since we know that
∂2π

∂L2
h

∣∣∣∣
Lh=L∗h

< 0 ⇒ ∂L∗h
∂A

> 0.

This implies that the optimal delivery time differentiation decreases with the marginal capacity cost

A. An increase in the marginal capacity cost also decreases the price differentiation in a dedicated
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capacity setting, as evident from the following equation:

d(p∗h − p∗l )
dA

=
∂(p∗h − p∗l )

∂A
+

∂(p∗h − p∗l )
∂L∗h

∗ ∂(L∗h)
∂A

= − βl
pβ

h
L + βh

p θL + βl
pθL

2(βh
p βl

p + βh
p θp + βl

pθp)
∗ ∂(L∗h)

∂A
< 0

For a shared capacity setting, the effect of the marginal capacity cost can be similarly shown

analytically for smallA.
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