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Abstract 

 

We incorporate the concept of fairness in a conventional two-stage process to inquire 

how fairness may affect overall and individual stage efficiency. The relations among 

the non-cooperative, cooperative and standard DEA approaches are investigated when 

two sub-units are concerned about fairness. An empirical example is shown to verify 

the approach. 
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Introduction 

 

Network DEA is one of the significant streams in the literature of DEA, which is the 

control of the efficiencies of various sub-stages with multiple inputs and outputs in a 

complex production process. Since two-stage process is a typical simplification of the 

real production process with complex structure, it receives much attention by the 

researches in production and operations management recently. In a traditional setting, 

the process is composed of two stages in series, where stage 1 consumes the inputs 

and produces the intermediate outputs, and stage 2 consumes the intermediate outputs 

and produces final outputs. So the two stages can cooperate with each other so as to 

optimize the performance of the process. However, in real practice, the relationship 

between two stages is complex and may not be characterized as cooperative or 

non-cooperative in a clear view, which cause many difficulties when evaluating their 

efficiencies with a relatively valid and feasible assessment.  

In an attempt to synthesize the empirical evidence in operational and service 

management, several approaches have been investigated to assess the efficiencies of 

sub-stages, as well as identifying the relationship of them. For example, Seiford and 

Zhu (1999) apply the standard DEA model to each stage without consideration of the 
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relationship between the stages. Chen and Zhu (2004) propose an effective model 

identifying the efficient frontier of a two-stage production process. Liang et al. (2006) 

propose the two-stage process based on a seller-buyer supply chain and discuss 

cooperative and non-cooperative relationship between the seller and buyer 

respectively. Liang, Cook and Zhu (2008) suggest another ways to deal with the 

conflict between two stages which is caused by the intermediate products with a 

game-theory framework. Kao and Hwang (2008) consider a set of Taiwanese non-life 

insurance companies with a two-stage process of premium acquisition and profit 

generation. Zha and Liang (2010) investigate a two-stage production process, where 

shared inputs can be freely allocated among different stages. Du et al. (2011) propose 

a Nash bargaining game model to measure the efficiencies of DMUs with two-stage 

structure.  

In real production practice, a sub-stage is viewed as an identical decision maker, 

and one stage may have a subjective perception of the performance of the other stage. 

In detail, stage 1 desires to maximize it (as an output) while stage 2 has the intention 

to minimize it (as an input), which causes an irreconcilable conflict between the 

sub-stages. In addition, cooperation or non-cooperation may not always occur in real 

situation and sub-stages may behave non-cooperatively on account of various reasons, 

such as self goals of the stages, competition, which directly affect their efficiencies to 

realize the expected production process.  

Recently, fairness has received a remarkable attention by researchers from 

various areas, such as economic, marketing and operations research. As Kahneman, 

Knetsch and Thaler (1986) depict, there is a significant incidence of cases in which 

firms, like individuals are motivated by concerns of fairness in business relationships, 

including production process. Economic and marketing researches document 

instances in which fairness plays an important role in developing and maintaining 

business relationships (Geyskens, Steenkamp and Kumar (1998); Corsten and Kumar 

(2003); Cui, Raju and Zhang (2007)). Indeed, some practitioners go so far as to 

represent that maintaining fairness in resource allocation should be the supplier’s first 

concern McCarthy (1985). It gives us a better illustration on how to model the 

relationship between two stages within a cooperative or non-cooperative situation.  

The motivation of this paper is to investigate how the decision maker’s concern 

about fairness affect the individual and overall efficiencies in the context of the 

two-stage process. Conventionally, the efficiencies of the overall process and the two 

sub-processes are calculated independently. We incorporate the concept of fairness 

into a two-stage production process and an equitable outcome is obtained from the 

comparison between the two efficiencies. By incorporating the utility theory, we 

define an efficiency-based utility for the stages and propose a utility-based DEA 

model to simultaneously optimizing self efficiency of one stage and his fairness 

concern to the other.  

The remainder of the paper is structured as follows: Section 2 introduces basic 

model of two-stage process. The basic utility-based two-stage models with fairness 

concern are introduced in section 3. Section 4 proposes two-stage cooperative and 

non-cooperative efficiency model with fairness concern. Section 5 provides a 
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numerical study, and section 6 concludes the research.  

 

Basic model of two-stage process 

 

Fig. 1 depicts two-stage situation, where each DMU is composed of two sub-DMUs 

in series, and intermediate products by the sub-DMU in stage 1 is consumed by the 

sub-DMU in stage 2. The inputs and outputs vector of jDMU  is mixij ,,1,   and 

sryrj ,,1,  , respectively. pdzdj ,,1,   acts as the intermediate output vector.  

 

Fig 1. The structure of two-stage process  

Denote t
je  as the efficiency of jDMU  at stage  2,1t . The traditional DEA 

models, i.e. CCR (Charnes, Cooper and Rhodes (1978)), can be used to estimate the 

performance of the two stages and their efficiencies are defined as 
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 in a black-box technology.  

Recently, a significant body of researches has accumulated in the context of 

two-stage DEA framework. Kao and Hwang (2008) identify the overall efficiency as 

the product of the two stage’s efficiency, i.e. 21
jj ee  . Chen et al. (2009) applies 

2
2

1
1 jj ee    to measure the overall efficiency, where 1  and 2  are corresponding 

weights of the efficiencies. Take Chen et al. (2009) for an example, the overall 

efficiency of oDMU  can be estimated as: 
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Specifically, model (1) is equivalent to: 

Stage 1 Stage 2 

djz rjyijx
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In a two-stage process, the intermediate product is produced by stage 1 and is 

consumed by stage 2. In model (2), stage 1 desires to maximize the ratio of weighed 

intermediate products to weighted inputs while stage 2 has the intention to maximize 

that of weighted outputs to weighted intermediate products. Since the inputs and the 

outputs occur actually in real production process and can not be changed as the 

sub-stage decision makers’ will, a possible way for them to obtain a better evaluation 

of the efficiency is to emphasize on the intermediate product. Consequently, an 

inherent conflict occurs when the two stages have the incentives to obtain their 

performances independently. In addition, 1  and 2  also play an important role to 

make a feasible tradeoff of the efficiencies of two stages.  

 

Utility-based two-stage model with fairness concern 

 

In an effort to better incorporate efficiency and fairness concern in an integrative 

framework, we propose a utility-based DEA model to well illustrate the relationship 

between them. 

Initially, the relationship between utility and efficiency is not clear and 

conflicting, which encourages various researchers devoting themselves to make clear 

linkages between them. For example, Coleman (1979) analyzes various efficiency 

notions and explores their relationship to classical utilitarianism.  

So the utility of the sub-stage decision maker depends on two factors, his self 

efficiency and fairness concern of the other’s efficiency Similar to Cui et al. (2007), 

we assume that the equitable outcome for stage 1 is k  times the stage 2’s payoff, i.e. 

2
jke , where 
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2 . That is, the 

equitable payoff of stage 1 is the outcome it deems deserving relative to the outcome 

of stage 2. In general, the equitable payoff of the sub-stage varies with several factors 

in various situations. For example, if stage 1 improves his outside option relative to 

that of stage 2, k  is expected to increase, and vice versa. Another factor may 

influence k  is the relative contribution of a stage to the process. Such contribution 

may be derived from the marginal cost, advances in technology, managerial 

improvement, etc. The larger k , the more important stage 1 plays a role. 
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Consequently, two independent situations occur when compared the payoff with 

the equitable payoff of a stage. In addition, since the stages may perceive different 

concern of fairness, the values of 1  and 2 , as well as 1  and 2  can be 

different. Thus, we have the following equation:  

)0,max()0,max( 21
1

12
1

1
jjjjj keeekef     (3) 

and 

 )0,max()0,max( 122212
2 ekekeef j     (4) 

where t
jf  represent the disutility of inequity perception of DMU (i.e. process) j  at 

stage  2,1tt . Consequently, the efficiency-based utility function at stage t  is: 

t
j

t
j

t
j feu    (5) 

Since the objective is to optimize the utility of two stages, an alternative is to 

replace the conventional efficiency model with the utility. So we have the following 

model: 
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Next, we will make a further discussion on how fairness concern may affect the 

efficiencies of the stages. 

 

Two-stage Cooperative and Non-cooperative Efficiency Model 

 

In this section, we will introduce the fairness concern into the conventional two-stage 

DEA models. We first provide a general form where a stage concerns not only his self 

efficiency, but also the other stage’s efficiency. 

In real practice, cooperation may occur when the two stages have the incentive to 

improve the overall efficiency of the process. In this study, we attempt to characterize 

the situation where the stages cooperate with each other concerning the equitable 

outcome and perceiving the fairness between them.  

Suppose the efficiency-based utility of the two stages are 1
ou  and 2

0u  

respectively. The objective is to maximize the total utility of the stages, 2
0

1
0 uu  . The 

cooperative model with fairness concern is as follows: 
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In model (7), the constraints construct the envelopment of the production 

possibility set based on the observed processes, and the efficiencies of the stages are 

ensured to be not greater than 1. In this way, each stage is compensated with a relative 

reasonable way with regard to the status of perceived unfairness.  

However, two-stage non-cooperative situation is often occurring in practice. 

Given the situation that one stage dominates the process and he may have the 

incentive to maximize his efficiency-based utility on the basis of predetermined 

restriction of the other stage’s efficiency. Consider the case where stage 1 dominates 

the process and stage 2 follows. Stage 1 aims to maximize his utility, while stage 2 

could only maximize his utility under the premise that the utility of stage 1 is 

guaranteed.  
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In model (8), we make a simplification that t
je  represents the efficiency of 

jDMU  at stage t . It can be converted to a linear or parametric linear programming 

through mathematical transformations. Suppose the optimal solution of model (8) is 

*1
ou , then the corresponding utility of stage 2 is calculated based on the results of 

stage1.  
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In model (9), the first constraint ensures that the optimal utility of stage 1 

remains unchanged. The objective represents that the utility of stage 2 is maximized 

based on the optimization incorporating the self efficiency of stage 2 and the loss of 

utility derived from inequity perception simultaneously.  

In fact, if 02
0

1
0  kee , it implies that the efficiency of stage 1 is lower than the 
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equitable efficiency and he perceives a disadvantageous unfairness. Contrarily, the 

efficiency of stage 2 is higher than the equitable efficiency and he perceives an 

advantageous unfairness. If 02
0

1
0  kee , an opposite situation occurs in the two 

stages.  

We classify the situations into various cases. A distinct characteristic of the 

proposed model concerning the equitable outcome and fairness lies in that the 

efficiency of another stage is considered simultaneously, which differs from the 

models in the literature significantly.  

 

Numerical study 

 

The models are illustrated using a numerical example, which is the same as Zha and 

Liang (2010). Each bank is viewed as a two-stage DMU, with three inputs of 

Employees, Assets, and Equity, and three outputs of Market Value, Earnings, and 

Returns. Revenue and profits act as the intermediate outputs.  

Table 1 reports the results from model (7). In a cooperative perspective, since 

01
0

2
0  eke , 1

0e  is increasing in k  while 2
0e  is decreasing in k . 

Table 1. Two-stage cooperative efficiencies with fairness concern ( 01
0

2
0  eke ) 

DMU 

Traditional cooperative 

efficiency 

Cooperative efficiency with fairness concern 

5.0k  0.1k  0.2k  

1
0e  2

0e  1
0e  2

0e  1
0e  2

0e  1
0e  2

0e  

1 1.000 0.449 0.243 0.486 0.486 0.486 0.934 0.467 

2 0.682 0.539 0.272 0.544 0.544 0.544 0.682 0.341 

3 0.795 0.544 0.283 0.567 0.567 0.567 0.795 0.397 

4 0.872 0.496 0.261 0.522 0.522 0.522 0.873 0.436 

5 1.000 0.606 0.303 0.606 0.606 0.606 1.000 0.500 

6 0.818 0.537 0.294 0.588 0.588 0.588 0.833 0.417 

7 0.784 0.522 0.277 0.555 0.555 0.555 0.789 0.394 

8 0.745 0.642 0.324 0.647 0.647 0.647 0.745 0.373 

9 0.702 0.641 0.324 0.647 0.647 0.647 0.702 0.351 

10 0.441 1.000 0.480 0.960 0.719 0.719 0.907 0.454 

11 0.662 0.728 0.380 0.760 0.691 0.691 0.741 0.371 

12 0.700 0.662 0.338 0.676 0.676 0.676 0.709 0.354 

13 0.578 1.000 0.500 1.000 0.681 0.835 0.681 0.340 

14 0.714 0.593 0.300 0.600 0.600 0.600 0.714 0.357 

15 0.847 0.785 0.430 0.861 0.808 0.808 0.881 0.440 

16 1.000 1.000 0.500 1.000 1.000 1.000 1.000 0.500 

17 1.000 0.714 0.373 0.747 0.747 0.747 1.000 0.500 

18 0.804 1.000 0.500 1.000 0.804 1.000 0.804 0.402 

19 0.748 0.788 0.400 0.801 0.748 0.787 0.748 0.374 
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20 0.754 0.788 0.400 0.800 0.754 0.788 0.754 0.377 

21 0.655 0.881 0.441 0.883 0.655 0.881 0.655 0.328 

22 0.673 0.792 0.403 0.805 0.673 0.792 0.673 0.337 

23 0.643 0.636 0.324 0.648 0.639 0.639 0.643 0.321 

24 0.871 0.952 0.492 0.984 0.871 0.952 0.871 0.436 

25 0.740 1.000 0.500 1.000 0.740 1.000 0.740 0.370 

26 0.634 0.837 0.418 0.837 0.634 0.837 0.634 0.317 

27 0.657 1.000 0.500 1.000 0.657 1.000 0.657 0.329 

28 0.774 0.802 0.402 0.803 0.774 0.802 0.774 0.387 

29 0.813 1.000 0.500 1.000 0.813 1.000 0.823 0.411 

30 1.000 1.000 0.500 1.000 1.000 1.000 1.000 0.500 

 

Table 2 reports the results of stage 1 dominates the system. The second to seventh 

columns depict the results from model (8) and (9) when k  changes from 0.5 to 2, 

respectively. We find that, on account of the existence of 02
0

1
0  kee , the efficiencies, 

1
0e  and 2

0e  are influenced by k . Since 2
0

1
0 eek  , 1

0e  is increasing in k . 

Correspondingly, 2
0e

 is decreasing in k .  

 

Table 2. The efficiencies when stage 1 dominates the system ( 02
0

1
0  kee ) 

DMU 

5.0k  0.1k  0.2k  

1
0e  2

0e  1
0e  2

0e  1
0e  2

0e  

1 0.243  0.486  0.486  0.486  0.934  0.467  

2 0.272  0.544  0.544  0.544  0.682  0.341  

3 0.283  0.567  0.567  0.567  0.795  0.397  

4 0.261  0.522  0.522  0.522  0.873  0.436  

5 0.303  0.606  0.606  0.606  1.000  0.500  

6 0.294  0.588  0.588  0.588  0.833  0.417  

7 0.277  0.555  0.555  0.555  0.789  0.394  

8 0.324  0.647  0.647  0.647  0.745  0.373  

9 0.324  0.647  0.647  0.647  0.702  0.351  

10 0.480  0.960  0.719  0.719  0.907  0.454  

11 0.380  0.760  0.691  0.691  0.741  0.371  

12 0.338  0.676  0.676  0.676  0.709  0.354  

13 0.500  1.000  0.681  0.681  0.681  0.340  

14 0.300  0.600  0.600  0.600  0.714  0.357  

15 0.430  0.861  0.808  0.808  0.881  0.440  

16 0.500  1.000  1.000  1.000  1.000  0.500  

17 0.373  0.747  0.747  0.747  1.000  0.500  
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18 0.500  1.000  0.804  0.804  0.804  0.402  

19 0.400  0.801  0.748  0.748  0.748  0.374  

20 0.400  0.800  0.754  0.754  0.754  0.377  

21 0.441  0.883  0.655  0.655  0.655  0.328  

22 0.403  0.805  0.673  0.673  0.673  0.337  

23 0.324  0.648  0.639  0.639  0.643  0.321  

24 0.492  0.984  0.871  0.871  0.871  0.436  

25 0.500  1.000  0.740  0.740  0.740  0.370  

26 0.418  0.837  0.634  0.634  0.634  0.317  

27 0.500  1.000  0.657  0.657  0.657  0.329  

28 0.402  0.803  0.774  0.774  0.774  0.387  

29 0.500  1.000  0.823  0.823  0.823  0.411  

30 0.500  1.000  1.000  1.000  1.000  0.500  

 

From the results of table 1 and 2, the equitable outcome k  is an important 

impact factor to the two-stage efficiencies. 

 

Concluding remarks 

 

The motivation of this paper is to incorporate the concept of fairness into a two-stage 

production process to investigate how fairness may affect the process and efficiency 

determination. We illustrate that when each stage decision makers are concerned 

about fairness, individual stages can cooperate with each other and coordinate their 

respective efficiency both in terms of achieving the maximum of the overall utility 

and in terms of attaining the maximum overall efficiency. We classify the situations 

where one stage perceives advantageous and disadvantageous unfairness concern into 

various cases and analyze how the efficiencies of the stages are influenced.  

Two-stage non-cooperative and cooperative models are proposed to evaluating 

the efficiencies of the stages. When one stage perceives disadvantageous unfairness, 

he is compensated to raise his importance in the process by enlarging his weight with 

a proportion relative to the coefficients of unfairness under the context of cooperation 

of the two stages. Contrarily, the other stage has to decrease her weight 

correspondingly.  

 

Appendix 

 

The readers who are interested in the detailed conversion of the model proposed in 

this paper can contact Dr. Jun Wang at wangjun1200@mail.ustc.edu.cn. 
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