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Abstract 
One of the main challenges of industrial maintenance is when to act without affect the production 

due dates, to match demand. The concept of clearing function, initially developed to deal with 

production capacity planning, allows visibility to the maintenance planning. This paper comes to 

match clearing function to maintenance. 
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Introduction 

 

Maintenance management is one of the most important issues which govern the economics of 

production activities. For example, for the mining industry the costs of maintenance can be from 

20 to 50% of the production cost depending on the level of mechanization (Ben-Daya, 2009). 

Regarding high competitiveness among organizations, they are looking to maximize availability 

and reliability in resources and equipments. According to ABNT (2010), physical availability is 

the ability of the equipment to be able to develop certain function in a certain planning horizon, 

taking into account the combined aspects of its reliability, maintainability and maintenance 

support. All these assumptions, to generate throughput throughout a production line. 

It is well known from the daily industrial experience that high levels of throughput in 

production depend on high levels of work–in–process (WIP) and releases into the system, and 

that high levels of WIP can increase the total lead time in the systems, decreasing expected 

revenues, as stated in Karmarkar (1989) and Assmundson (2003). This suggests that to turn the 

capacity available when it is required, a maintenance planning is needed, to ensure the increasing 

of production. However, to plan the maintenance, information about when and how to 

accomplish this is not provided by the most commonly used approaches to these issues which are 

the classical Linear Programming (LP) models. In fact, similar as production planning, 

maintenance planning, in this case, is modelled using LP and throughput is directly related to 

capacity, ignoring other factors which contradict both the practical experience coming from shop 

floor as well as the insights coming from queuing theory (Srinivasan et al., 1988). Therefore the 

use of LP to model production planning must be modified to incorporate the appropriate 

mailto:raimundo.sampaio@pucpr.br
mailto:rafael.wollmann@pucpr.br
mailto:vcbini@uol.com.br


  

2 

frameworks to deal with the issues of WIP and thus allow for the pricing of low levels of capacity 

utilization, what will allows the maintenance when to act. It is important to clarify that the term 

capacity used in this paper stands for nominal capacity in most instances and the maintenance 

planning will be based on production planning. The framework we develop here to modify the 

classical approach of LP is based on the concept of clearing function (CF) first suggested by 

Graves (1986), Karmarkar (1989), and Srinivasan et al.(1988), and more recently extensively 

used by Asmundsson et al. (2009), Kefeli et al. (2011), Irdem et al. (2010), and Missbouer & 

Uzsoy (2011), in the same setting considered here, just to name a few recent papers. 

The approach we use in this work is twofold: on the one hand we assume that even though the 

behaviour of CF function is known, in general there is no analytical formulation at hand to be 

used and only numerical information about the medium number of throughput for any level of 

WIP is available. This assumption is mainly supported by the queue theory and results from 

several different numerical experiments related to Missbouer & Uzsoy (2011). The second aspect 

is when we can manage to have an analytical formulation for the CF function. In this case we 

price low levels of capacity throughout a convex programming model, to simulate the 

maintenance planning and then we perform a sensitivity analysis for the model related to the CF 

function using perturbation on the convex model. 

We start this work by discussing LP models for pricing capacity at low levels of utilization in 

an environment of single–stage single production–inventory system, and then extend the model 

to single and multi-stage multi–product systems, to model the way how maintenance works. 

To summarize, there are one main result presented in this work, how the modified production 

planning LP model gives answers to small changes in the CF function which allow for the pricing 

of low levels of capacity utilization in different periods of the planning horizon, to use this 

information to maintenance planning.  

The remainder of this paper is organized as follows: the working model is built upon the 

classic LP model and the main assumptions regarding the model and CF function are discussed as 

well. After all, a small series of numerical experiments are resented to illustrate the theory and 

final conclusions are presented. 

 

 

Formulation of the LP model 

 

The approach used here for modeling production using the role of CF function follows the path of 

Kefeli et al.(2011), Missbouer & Uzsoy (2011), Irdem et al.(2010), which in turn follows some 

previous works from Graves (1986) and Karmarkar (1989). However, here we use a rather 

different assumption which is that we only have access to numerical information about the 

relationship between levels of WIP and throughput. 

In the classical LP approach, capacity is supposed to be instantaneously available and kept 

constant throughout each period, and each period may be stretched long enough to avoid any 

violation of capacity. It is well known that the LP approach always prescribes that dual variables 

associated to capacity will remain at zero as long as capacity is not fully utilized. However, 

practical experience has shown that WIP and costs associated with lead time are significant 

aspects of the production cost even when the levels of capacity utilization are below their upper 

limits.  

 

 

The Classic LP Model 
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Let’s start with the problem addressed by Karmarkar (1989), for a single product produced in a 

single machine, defining the following set of parameters and decision variables,  

    - unit cost of product at period    ;  
    - unit cost of handling inventory at period    ;  
    - Available capacity at beginning of period  ;  

    - Demand to be satisfied by the end of period    ;  
    - Level of production at the end of period    ;  
    - Level of inventory at the end of period   .  

 

The classic LP production planning model is generally formulated as,  

 

         ∑            
 
     

                                                                                                                          (1) 

                                                               
                                                            
 

and then if inventory in any period     is written as a function of production   , demand   , and 

initial inventory    as, 
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                                                                                  (2) 

 

then the LP model becomes expressed only in terms of final good inventory as, 
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Reformulation of the Classic LP Model 

 

Problem (3) does not make explicitly any reference to WIP (  ) and does not include releases 

(  ) at the beginning of any period     as a decision variable, which makes the model unsuitable 

for pricing low levels of capacity utilization. However, we may modify this LP model to 

incorporate WIP and releases, using the following direct extension of model (3),  

 

         ∑                      
 
     

                        ∑   
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                                                                                                                                 (4) 

                                                                              
                                                  
 

which explicitly uses WIP and releases as decision variables. The new parameters    and    

denote the unit cost of releases and WIP holding, respectively, and the new decision variables    

and    denote respectively the amount of products in WIP and the releases at the beginning of the 

period    . However, this model does not recognize the impact of the workload of production 

resources on the lead times of the system, which is considered partially only up on the inclusion 

of a CF function that governs production based on the workload of the system. To define a CF 
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function, let             be the concave CF function which governs production as a function of 

the workload of the system, and links expected throughput,   , with levels of WIP and releases in 

each period    , thus implicitly bringing lead time to the scenario. Then the convex model that 

results from the modified LP model is,  

 

         ∑                      
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If we assume that    = 0, then from    -     -               
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 Since    = 0 for any optimal solution, then, for           
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which requires that releases must be transformed into production by the end of the planning 

horizon. This clearly suggests that CF function can be written uniquely as a function of releases 

in the planning horizon, nevertheless, this will not be discussed here.  

 

 

Multiple Resources and the Multiple Product Model 

 

Now let’s focus on the production capacity over the available amounts of different resources for 

each period in the planning horizon, and assume again that capacity is governed by the CF 

function over WIP for several different products. A direct extension from model (5) can be 

formulated as, 

 

        ∑ ∑                              
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                  ∑           ∑       ̂            
   

 
     

                                                      
 

where     is the consumption of resources necessary to produce one unit of product   at period   

and     relates  to how much WIP we should have to meet the required demand for the same 

period. Despite the fact that this model looks quite reasonable at first glance it carries a strong 

drawback, since it clearly may create the capacity for a single specific product providing WIP for 

another. A good example of this can be found in Missbouer & Uzsoy (2011). Therefore, we must 

introduce a rule to prevent this undesirable behaviour in the model by requiring the capacity for 

each single product, and to do so, let’s assume that the total consumption of resources for each 

product    is bounded by a fraction of total capacity, i.e., for all   and for all    
 

             ∑       ̂ 
 
                                                                                                      (9) 
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It is important to understand that      is a technical parameter that must be entered into to the 

model and not a new decision variable. Upon these assumptions, model (8) will become, 
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where        , stand for   different resources used in the production process. 

This model is likely more general than some previous related models appearing in the 

literature and carries the suitable aspect where for the case,               , it reproduces the 

initial model (5) for one single product and one single machine. Note that the equality        , 

states that all the resources will be transformed into production, and that of        just means 

that we have a unique resource. Some particular choices for these parameters, mainly those which 

take one parameter as a function of another must be done very carefully, taking into consideration 

the resulting composite CF function. 

In the cases where       is a homogeneous function these inequalities simplify to, 

 

        
    ∑    ̂                   

                                                                                      (11) 

 

which make it clear that the quantity of products   produced at period  ,    , depends not only on 

the WIP related directly to product  , but also to the overall workload state of the system, which 

is  quite a revealing insight about the performance of a system with workload resources. This 

conclusion suggests, in the end, that capacity is less a matter of a throughput issue than a state of 

the productive system, therefore, unveiling that, in the end pricing capacity is related to the 

overall performance of the productive system and not just about the quantity of products it can 

manufacture, and to assure this performance the maintenance needs to act, and this models comes 

to show when. 

 

 

Numerical Illustration and Final Remarks 

 

Estimating if or when to increase or decrease production capacity has been one of the secret keys 

of the production schedule, including the maintenance planning, to define when to act without 

affecting due dates, both from the point of view of the efficiency of the production system as well 

as from the point of view of the economic aspects of the productive system itself. Linear 

programming models are generally not very helpful in relation to this issue in that their dual 

variables, which give information about prices, are always kept at zero while the productive 

system does not completely use its total capacity. 

From queuing theory and practical experience from the shop floor and maintenance, we know 

that systems in general start degrading early before a 100% of utilization; therefore, linear 

programming models must be modified to deal with the issue of pricing for lower levels of 

capacity utilization. To capture the economic aspect, not always predicted by linear 

programming, we must introduce certain modifications to the linear programming models, which 
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frequently destroy their linearity, as for instance, in the case of introducing the CF function to 

price low levels of capacity utilization. 

However, the convex model provided by the CF function modification of the linear 

programming model is very simple and can be treated directly, since convex duality under 

Slater’s condition is an exact duality, which will allow for treating the Karush-Kuhn-Tucker 

penalty parameters as estimated prices. The convex model also shares with linear programming 

models the aspect that local solutions are global solutions, and the set of optimal solutions are 

convex sets. 

The numerical illustration exposed below considers the convex CF model modification from 

the LP model. 

 

 

Numerical Illustration 

 

To illustrate the role of the CF function in pricing low levels of capacity utilization we present a 

small example to emphasize some evidences predicted by the convex model, and revealed by 

numerical experiments, such as the changeovers of penalty parameters upon different 

distributions of capacity in the planning horizon. The complete experiment has nineteen Tables 

and can be seeing in Sampaio et al. (2013).  The few tables presented in this Section show the 

data for the experiment and the most serious of the consequences of the lack of harmony between 

production planning and capacity planning: infeasibility. 

The Table of Data bellow shows that the global nominal capacity in the planning horizon is 

20% above the estimated demands, and different ways in the distribution of capacity in the 

planning horizon to evidence the role of correlation between capacity and demand in the same 

period, and not only in the whole horizon. The consequence of these distributions clearly suggest 

that planning production schemes requires a fine line with planning of capacity, in addition to a 

planning for releases, or else, beyond the risk of not being able to produce, it may not be possible 

to do the maintenance in a given period. Although this fact was knew, there not exist a general 

explicitly way to measured it, but there is a clearly way to define when to do the maintenance, 

considering the dual variables. 

Table 1 presents the used data and all the cases considered for distribution of capacity. The 

existence of nonzero dual variable related to capacity suggests a mismatch in the capacity 

allocated for the period and the existence of zero dual variable related to capacity suggests when 

to do the maintenance. For each of the cases we perturbed the CF function in 10% to estimate 

sensitiveness, simulating the variability of an equipment. The numerical results of these 

perturbations are show for each perturbed case just in 90% of nominal capacity and for 110% of 

nominal capacity can be seeing in Sampaio et al. (2013). In some cases the response for 

perturbation is dramatic. 

 
Table 1- Table of Data 

Cost 

Parameters 

Period 

1 2 3 4 5 6 

Production Cost 10 10 10 10 10 10 

Inventory Cost 0.6 0.6 0.7 0.7 0.8 0.8 

WIP Cost 3 3 3 3 3 3 

Release Cost 2 2 2 2 2 2 

Demands 100 250 300 280 200 290 

Capacity 1
st
 Case 120 300 360 336 240 348 

Capacity 2
nd

 Case 300 360 336 240 348 120 
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Capacity 3
rd

 Case 360 336 240 348 120 300 

Capacity 4
th
 Case 336 240 348 120 300 360 

Capacity 5
th
 Case 240 348 120 300 360 336 

Capacity 6
th
 Case 348 120 300 360 336 240 

 

The Table 2 presents the unperturbed Capacity, and since there is enough capacity in all the 

periods, the dual variables are zero, as expected, and the decision of when to do the maintenance, 

considering the production planning, is easier. The maintenance can be done in any period, 

considering Table 2 data. 

 
Table 2 - 1

st
 Case 

Optimal Solution 

Value: 17040.00 

Period 

1 2 3 4 5 6 

Production 100 250 300 280 200 290 

Inventory 0 0 0 0 0 0 

WIP 0 0 0 0 0 0 

Release 100 250 300 280 200 290 

Demands 100 250 300 280 200 290 

Nominal Capacity 120 300 360 336 240 348 

Dual Variables 0 0 0 0 0 0 

 

The Table 3 presents the perturbation in that capacity is held in 90% of nominal Capacity. The 

optimal solution requires that release in the first period is bigger than in the unperturbed case, and 

then WIP is positive and so, the first dual variable, which suggest lack of capacity in the next 

period. So, considering this variation, the maintenance cannot be done at the first period, as the 

dual variables associated to capacity indicates. 

 
Table 3 - Perturbed 1

st
 Case 

Optimal Solution 

Value: 17115.00 

Period 

1 2 3 4 5 6 

Production 100 250 300 280 200 290 

Inventory 0 0 0 0 0 0 

WIP 25 0 0 0 0 0 

Release 125 225 300 280 200 290 

Demands 100 250 300 280 200 290 

90% of Capacity 108 270 324 302 216 313 

Dual Variables 50.6250 0 0 0 0 0 

 

The Table 4 shows a rather balanced capacity related to required demand, except for the 3
rd

 

period, and its overall production cost compares with the best first case of Table 2. However, it 

responds dramatically to perturbation (shortage) of capacity with infeasibility, as shown in the 3
rd 

column of Table 5. Production planning requires that production should be greater than installed 

capacity in that period to satisfy demand, thus producing infeasibility. In this case, as demand 

cannot be satisfied in the 3
rd

 period, the maintenance cannot be executed. 
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Table 4 - 5

th
 Case  

Optimal Solution 

Value: 17098.40 

Period 

1 2 3 4 5 6 

Production 202 338 110 280 200 290 

Inventory 102 190 0 0 0 0 

WIP 0 0 0 0 0 0 

Release 202 338 110 280 200 290 

Demands 100 250 300 280 200 290 

Nominal Capacity 240 348 120 300 360 336 

Dual Variables 0 0.2059 0.4363 0 0 0 

 
Table 5 - 5th Case  

Optimal Solution 

Value: ?     

Period 

1 2 3 4 5 6 

Production 216 313 287    

Inventory 116 179     

WIP 0 0 Infeasibility!    

Release 216 313     

Demands 100 250 300    

90% Capacity 216 313 108    

Dual Variables - - - - - - 

 

The incorporation of clearing function in the model for planning production and maintenance 

actually works as a perturbation about available capacity imposing a reduction on nominal 

capacity, i.e., clearing function take in to account variability, thus reducing available capacity. 

Dual variables are the main indicator to the maintenance planning decide when to act. 

 

 

Final Remarks  
 

The use of clearing function in models of linear programming actually modify the amount of 

available capacity to match demand. The way the new convex model responds to changes about 

capacity seems to suggest that not only lead times varies nonlinearly when resources are scarce, 

but also the penalty parameters (dual variables) and beyond the production costs, the maintenance 

could be affected. Therefore, as well as optimal production planning is not divorced from 

maintenance planning, the plan of allocation of capacity is not divorced from a plan of releases of 

productions orders as well. The response of the model is obvious: unlike the common sense, the 

optimal functioning of the productive systems occur well below their levels of nominal capacity, 

and in some cases this behavior allows to decide to do the maintenance without affect the 

production due date. To improve the model, future works are being treated in how to measure the 

maintenance costs in the presented model. 
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