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Abstract 
In a decentralized assembly system consisting of two components, we study how the 
suppliers should react when facing uncertain capacities, and whether the assembler 
should design contracts to encourage the suppliers to put more efforts (e.g. preventive 
maintenance) in reducing the uncertainties or just relentlessly set penalty for backorders. 
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Introduction  

Modern high-tech manufacturing employs state-of-the-art technology, intricate 
equipment, and complex tooling requirements and involved process control to enable 
mass production of high-quality sophisticated products. In spite of many revolutionary 
advancements made in manufacturing, the ancient curses of yielding defective items, 
machine breakdown etc. persist, or even get worse as a result of higher reliance on 
specialized operator skills and greater adherence to performance specifications (Hwang 
and Singh 1998). One consequence of such curses on production is uncertain capacity, 
which has been considered as a type of supply risks and has attracted some academic 
attentions.  

In the seminal work of Ciarallo et al. (1994) on production planning of a 
manufacturer under uncertain capacity, they show that an order-up-to policy is optimal 
for a periodic review finite-horizon problem, while a so-called “extended myopic” policy 
which requires the consideration of review periods of uncertain length is optimal for the 
infinite horizon problem. In a single period setting, Hwang and Singh (1998) prove that 
the optimal policy for a multi-stage system with setup costs and uncertain capacities at all 
stages is characterized by a sequence of imbedded critical numbers. Wang and Gerchak 
(1996) innovatively investigate systems under uncertain capacity, random yield and 
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random demand for finite and infinite horizons, they point out that the optimal policy is 
not of an order-up-to type anymore; moreover, the uncertain capacity does not affect the 
reorder point and order quantity in single period problems but does in multi-period 
problems. Iida (2002) extends the model of Ciarallo et al. (1994) to the non-stationary 
demand case and develop upper and lower bounds of optimal policies for infinite horizon 
problems. Bollapragada et al. (2004) study assembly system with uncertain components 
production capacities and random end product demand. The system is assumed to be 
operating under a periodic-review installation base-stock policy, and the goal was 
minimizing the total steady-state surrogate holding cost subject to a service level 
constraint. Xiao et al. (2010) also study uncertain capacity in assemble systems, where 
the uncertainty lies in the assembly stage. 

All these papers are concerned with describing the effects of uncertain capacities 
on the (centralized) systems and characterizing the related policies. In a sense, these 
papers are about making “passive” decisions by accepting the state quo of capacity 
uncertainty. 

On the other hand, Wang et al. (2010) consider active decision, process 
improvement which can stochastically increase the capacity, and compare it with dual 
sourcing to see these two strategies’ advantage and disadvantage when cost/reliability 
heterogeneity varies. 

In this paper, unlike the abovementioned studies, we consider a decentralized 
assembly system where one of two critical suppliers suffers from uncertain capacity. 
Each supplier provides a component, and the mated components, or the final product, 
faces one-time deterministic demand. For each unit of final product sold, the assembler 
pays each supplier a revenue share, but the suppliers have to compensate the assembler 
for short deliveries. Supplier 1 can exert efforts of process improvement to stochastically 
increase his capacity, and as a result, reduce the expected short deliveries penalty. We 
model the problem as a Stackelberg type game where the assembler is the leader and the 
followers, the suppliers, play a “nested” Nash game by choosing production amounts 
(both suppliers) and effort level (supplier 1). Some preliminary results on suppliers’ 
reactions and assembler’s move are provided. 

The rest of the paper is organized as follows. The next section presents the 
problem description, then suppliers’ reactions and assembler’s move are given in the 
following two sections, the last section concludes this paper. 
 

Problem description 

Consider a decentralized assembly system for a final product consisting of two 
components which are independently supplied by two suppliers, and without loss of 
generosity, one unit of each component is required to assemble the product. Facing a 

deterministic one-time future demand , the assembler orders  amount of each 

component while each supplier chooses the planned production quantity , . The 

unit production cost of component  is . Ideally, one should expect the optimal 

quantities satisfy . Unfortunately, one critical supplier, say supplier 1, is subject to 

uncertain capacity , as a result, the output of component 1 is , or . 

Supplier 2 has sufficiently abundant capacity. For ease of exposition, assume  has 

differentiable cumulative distribution function  with unique inverse and density 

function  on support , and supplier 2 has unlimited capacity. It is unclear how 
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each party reacts to supplier 1’s uncertain capacity when their profits may be interrelated.  
The system employs a basic revenue sharing contract, that is, for each unit of final 

product sold, the assembler pays supplier  , , out of the unit revenue which 

is normalized to $1. Thus, the assembler keeps . Clearly, a necessary 

condition for each party to stay in business is , , where the assembly 

cost  is assumed to be negligible. Moreover, the assembler charges supplier   for per 
unit short delivery. The revenue sharing scheme and penalty terms are known to the 

suppliers. Being afraid of such punishment, supplier 1 can exert effort  (e.g. preventative 

maintenance, process improvement) with per unit cost  to reduce uncertainty hence 

increase his output. Let  be the capacity after exerting effort , it is stochastically larger 

than . Specifically, we assume the corresponding CDFs satisfy  if , 

or , moreover, let  to reflect the diminishing return of effort. For 

any , the support of density function  remains . Note that the original  

can be written as . Our goal then is to answer the following questions under the 
setting of one supplier having uncertain capacity. 

 
1) How should the assembler contract with her suppliers? 
2) How should supplier 1 plan production and exert effort? 
3) Should supplier 2 take supplier 1’s capacity uncertainty into account while 

planning production? How? 
 

For simplicity, we assume that there are no holding costs or salvage values for 
unsold products or components. The sequence of events is as follows: a) the assembler 
sends contract (orders, shares and penalties) to the suppliers; b) suppliers plan their 
productions, in addition, supplier 1 needs to decide his effort level; c) supplier 1’s 
capacity realizes, and then production outputs are determined; d) mated components are 
used to meet the demand and revenues are shared, meanwhile suppliers are penalized if 
short deliveries happen. 
 

Suppliers’ problem 

We discuss supplier 2’s problem before exploring supplier 1’s since the former seems 

simpler than the latter. Define an increasing and convex function  
 

                                                                                      (1) 

 

where the expectation  is taken on , we will use  throughout this paper. 
 
Supplier 2’s problem 

Supplier 2 can avoid penalty by producing  units, however, there is chance that he may 
produce less when considering supplier 1’s possible incapability. Given the contract 

 (the bold symbols represent corresponding suppliers’ parameters) and supplier 1’s 

choices  and , supplier 2’s expected profit is 
 

                                                            (2) 
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where . Obviously supplier 2 should set , then his profit becomes 
 

                                          (3) 

 

If , it is clear that supplier 2 should produce up to order . While if , 

supplier 2 should set , then taking the derivatives of , we have 
 

                                                                                          (4) 
 

where . Since  and  if , 

there exists a unique solution  to Equation (4) = 0. Hence from ’s convexity 
supplier 2’s best move is given as 
 

                                                                                           (5) 

 
That is, supplier 2 will not default if the penalty is higher than unit production cost, which 
means he is not affected by supplier 1’s uncertainty. However, he may take supplier 1’s 
uncertainty into account and produce maybe less than the order amount if penalty is less 

strict. Note that  is increasing in  and decreasing in  and . 
 
Supplier 1’s problem 

Given the contract  and supplier 2’s choices , supplier 1’s expected profit is 
 

                               (6) 
 

Fox any given , if , we have  
 

                                                                    (7) 
 

then obviously supplier 1 should set . Since supplier 2 would always set 

, supplier 1’s profit can be rewritten as 
  

         (8) 

 

Taking the derivative of  yields 
 

                                                                                      
(9) 

 

Therefore, if , from (9) and  we know supplier 1 should set . 

Substituting it into , supplier 1’s profit can be rewritten as  
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                                                                  (10) 
 
Taking the derivatives, we have 
 

                                                        
(11) 

                                                     
(12) 

 

Therefore,  is concave in . From , we know  
 

                                                                                                           
(13) 

 

However, the sign of  depends on the magnitude relation between the 

expected additional gain (given ) from investing the very first one unit of effort 

 and  the unit cost of effort. Then we have supplier 1’s 

optimal effort level when  as follows: 
 

                                                      (14) 

 

where  is given by the first order condition of . 

While if , similarly from (9) and  we have . Substituting it 

into , again supplier 1’s profit can be rewritten as  
 

                                                         (15) 
 
Taking the derivatives, we have 
 

                                
(16) 

                           
(17) 

 

Therefore, similarly, we have supplier 1’s optimal effort level when  as follows: 
 

                               (18) 

 

where  is given by the first order condition of . The expected additional gain 

(given ) from investing the very first one unit of effort is described as   
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                                                                      (19) 

 

where the revenue gain  is constrained by supplier 2’s production 

amount. 
 

Assembler’s problem 
Expecting the suppliers’ reactions, the assembler’s problem is to maximize her expected 
profit 
 

                    
(20) 

 

while ensuring that the suppliers’ participation constraints ,  are met. Note 

that ,  is treated as a decision variable rather than an exogenous variable which 

would have been assumed to be bigger than  intuitively. We believe that it may be 

possible that the assembler can trade off penalty incomes for higher revenue share , 

therefore, cases of  are taken into account. However, we should restrict ourselves 
to the following case for simplicity. 
 

Case 1:  ,  

In this case, both suppliers will choose ,  and supplier 1 will choose effort 

level . Then the assembler’s profit is 
 

                                                              
(21) 

 

Since  is independent of  and , it seems that the assembler can fully deprive 

supplier 2 of his profit by setting  such that 
 

                                                                                     (22) 
 

and  becomes irrelevant as long as . Then the assembler’s profit can be rewritten 
as 
 

                                                           
(23) 

 
where  
 

                                                        (24) 

 

and  satisfies 
 

                                                                              
(25)  
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Then we have 

                                                
(26)  

 

This indicates that reward and punishment work in the same positive way to increase 
supplier 1’s effort level. However, they have different impacts on the assembler’s profit. 
In the zone  
 

                                                                    (27) 

 
we have 
 

                                 
(28)  

 

                          
(29)  

 
It is not easy to see from the derivatives that how should the assembler make her 

decisions. It may be more tractable if a specific distribution  is considered, e.g. an 

exponential distribution whose rate parameter  is decreasing in , or an uniform 

distribution  where  and  are increasing in . We defer further explorations 
(numerically or analytically) to future researches. 
 

Conclusion 

We consider a decentralized assembly system where one of two critical suppliers suffers 
from uncertain capacity. Under a basic revenue sharing scheme and short deliveries 
penalty term, the assembler assembles the mated components provided by the suppliers to 
meet a one-time deterministic demand. The unreliable supplier can exert efforts of 
process improvement to stochastically increase his capacity, and as a result, reduce the 
expected short deliveries penalty. The problem is modeled as a Stackelberg type game 
where the assembler is the leader and the followers, the suppliers, play a “nested” Nash 
game by choosing production amounts (both suppliers) and effort level (the unreliable 
supplier). We derive the suppliers’ reactions given other parties’ moves and discuss the 
assembler’s profits in one of four cases (i.e. penalties are higher or lower than production 
costs). In the future, we plan to fully characterize the assembler’s move and consider 
coordination issue in the supply chain. Furthermore, the model can be extended to 
consider two unreliable suppliers. 
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